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Abstract We prove, under mild hypotheses, that there are no irreducible two-
dimensional ordinary even Galois representations of Gal(Q/Q) with distinct
Hodge—Tate weights. This is in accordance with the Fontaine-Mazur conjec-
ture. If K /Q is an imaginary quadratic field, we also prove (again, under cer-
tain hypotheses) that Gal(ﬁ/ K) does not admit irreducible two-dimensional
ordinary Galois representations of non-parallel weight.

1 Introduction

Potential modularity has proved to be a powerful tool for studying arithmetic
questions in the Langlands program [19, 27]. In this note, we show how this
circle of ideas can be employed in a novel way to deduce some new instances
of the Fontaine—Mazur conjectures.

The conjecture of Fontaine and Mazur ([15, p. 41], first edition, p. 190
second edition) is the following:

Conjecture 1.1 (Fontaine—-Mazur) Let
p:Gq— GL2(Q,)

be an irreducible representation which is unramified except at a finite number
of primes and which is not the Tate twist of an even representation which fac-
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2 F. Calegari

tors through a finite quotient group of Gq. Then p is associated to a cuspidal
newform f if and only if p is potentially semi-stable at p.

Let D, C G := Gal(a/ Q) denote a decomposition group at p. Assume
that the Hodge-Tate weights of p are distinct, and so, in particular, the
Hodge-Tate weights of any twist of p are also distinct. Any two-dimensional
representation of D, with finite image is Hodge-Tate with Hodge-Tate
weights (0, 0). Hence, no twist of p can have finite image, and Conjecture 1.1
predicts that p is modular. It is well known that Galois representations arising
from classical modular forms are odd, namely, det(p(c)) = —1 for a complex
conjugation ¢ € G¢. We deduce that if p is even (that is, det(p(c)) = 1), and
the Hodge—Tate weights of p are distinct, then the conjecture of Fontaine and
Mazur predicts that p does not exist.

Up to conjugation, the image of p lands in GL2(O) where O is the ring
of integers of some finite extension L/Q, (see Lemme 2.2.1.1 of [8]). Let F
denote the residue field of O. We prove the following.

Theorem 1.2 Let E be a totally real field, and let p : Gg — GL(O) be a
continuous irreducible Galois representation unramified outside finitely many
primes. Suppose that p > 1, and, furthermore, that

(1) p|Dy is ordinary with distinct Hodge—Tate weights for all v|p.
(2) The residual representation p has image containing SL;(F ).
(3) [E¢p) T E]>2.

Then det(p(c)) = —1 for any complex conjugation c.

In light of the recent proof of Serre’s conjecture [19, 20] and modularity
lifting theorems for ordinary representations [16], we immediately deduce the
following corollary.

Corollary 1.3 Let p : Gg — GL2(O) be a continuous irreducible Galois
representation unramified outside finitely many primes. Suppose that p > 7,
and, furthermore, that

(1) p|Dy is ordinary, with distinct Hodge—Tate weights.
(2) The residual representation p has image containing SL(F ).

Then p is modular.
Remark 1t should be remarked that some p-adic Hodge theory condition is
necessary for the proof Theorem 1.2. For example, Corollary 1(b) of Ramakr-

ishna [23] shows that there exist infinitely many even surjective representa-
tions p : Go — SL(Z7) unramified outside a finite set of primes.
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Even Galois representations and the Fontaine—-Mazur conjecture 3

The idea behind this theorem is simple: It suffices to show that p is po-
tentially modular over some totally real field. Since modular representations
are odd, the theorem follows immediately. (The actual argument is somewhat
more circuitous.)

There are other circumstances in which one expects (following Fontaine-
Mazur) the nonexistence of semistable Galois representations and for which
the methods of this paper also apply. Let K/Q be an imaginary quadratic
field, and let

0:Gg — GL(0)

be a continuous irreducible geometric Galois representation. The most
general modularity conjectures (following Fontaine-Mazur, Langlands,
Clozel, and others) predict the existence of a cuspidal automorphic repre-
sentation 7w for G = GL(2)/K such that for all finite places v { p of K, 7, is
determined by p|k, via the local Langlands correspondence. Suppose that p
splits in K, and that the local representations p|p, for v|p have Hodge—Tate
weights (0, m) and (0, n) respectively, for positive integers m, n. The Hodge—
Tate weights conjecturally determine the corresponding infinity type o, of 7.
If m # n, however, a vanishing theorem of Borel and Wallach implies that no
such cuspidal 7 can exist. We prove the following result in this direction.

Theorem 1.4 Let p : Gx — GL(O) be a continuous irreducible geometric
Galois representation. Suppose that p > 7 splits in K, and, furthermore, that

(1) p|Dy is ordinary for v|p, with Hodge—Tate weights (0, m) and (0, n),
where m,n > 0.

(2) The residual representation p has image containing SLy(F ), and the
projective representation Proj(p) : Gxg — PGL2(F) does not extend
to GQ.

Then m = n.

Theorem 1.2 is proven in Sect. 3, and Theorem 1.4 is proven in Sect. 2.
Recall the abbreviations RAESDC and RACSDC for an automorphic form 7
for GL(n) stand for regular, algebraic, essentially-self-dual, and cuspidal and
regular, algebraic, conjugate-self-dual, and cuspidal, respectively.

2 The tensor representation

In this section, we prove Theorem 1.4. The following proof is inspired by an
idea of Ramakrishnan [24] to construct the Galois representations associated
to Sym?mg, where 7k is a regular algebraic automorphic form for GL(2)/K
for an imaginary quadratic field K, without assuming any conditions on the
central character.
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4 F. Calegari

Let p satisfy the first condition of Theorem 1.4. Our proof is by contradic-
tion. Assume that the Hodge—Tate weights of p at the primes v|p are (0, m)
and (0, n) respectively, where m,n > 0 and m # n. Let us consider the rep-
resentation p ® p¢ : Gg — GL4(O); it lifts to a representation of G that is
unique up to twisting by the quadratic character n of Gal(K /Q).

Lemma 2.1 The extension ¥ of p @ p© to Gq satisfies y ~ " x, where
x|k = det(p)det(p) and x(c) = & = +1 for any complex conjugation c €
Gq.

Proof Since ¥ |x and v det(p) det(p°)|g are isomorphic and extend to Q
uniquely up to twisting by 7, the lemma is obvious up to the sign of e. If
& = —1, then ¥V (c) = —¥(c¢) and hence Tr(¥ (c)) = 0. From the definition
of Y, however,

and hence € = +1. O

Theorem 2.2 The representation r is modular for GL(4)/F™T for some to-
tally real field F.

Proof The representation i is ordinary with Hodge—Tate weights (0, m, n,
m + n), which are distinct by assumption. The isomorphism v >~ ¥ x gives
rise to a pairing (x, y) on the vector space L* associated to v such that
(ox,0y) = x(0)(x, y). Because A%y is irreducible, this pairing is symmet-
ric. Thus (y, x) = e(x, y), where ¢ = +1 = x (c). Hence, we may apply The-
orem 7.5 of [5] to deduce the existence of a RAESDC representation I+
for GL(4)/F™ associated to . In order to apply this theorem, we also need
to assume that p > 8, and that, extending scalars if necessary, ¥ has 2-big
image, a calculation that we relegate to Sect. 6. U

2.1 A digression about normalizations

The modularity lifting theorems of [5, 13] associate to certain Galois rep-
resentations p : Gp+ — GL, (Gp) an algebraic automorphic form ITp+ for
GL(n)/F*. Here algebraic means C-algebraic (cf. [9] and §4.2 of [12]; here
C refers either to “cohomological” or “Clozel”’). On the other hand, it is some-
times useful to consider the normalized twist I1p+| - |*~1/2. Each normal-
ization has its advantage; the former arises naturally when one constructs
automorphic forms via cohomology, whereas the latter has the property that
the restriction of the corresponding Langlands parameter at a place v|oo to
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Even Galois representations and the Fontaine—-Mazur conjecture 5

W = C* is an algebraic character—that is, the normalization ITg+] - |(n=1)/2
is L-algebraic (where L refers either to “L-group” or “Langlands”). If v is a
finite place of FT not dividing p, then the automorphic form I g+ associated
to p by the main theorems of [5] and [13] (see §3.1 of [13]) are related as
follows:
to (plw, )™ =rec(MTy, | 17)",

where rec is the local Langlands correspondence (see [17]), ss denotes semi-
simplification, and ¢ is an isomorphism Q p = C. In particular, the reciprocity
map associates the normalization ITg+| - |~ D/2 to the dual representation
0. In the sequel, when we refer to the Langlands parameters at infinity as-
sociated to ITp+, we shall literally mean the Archimedean Langlands para-
meters associated to the twist ITp+| - |*~1/2. This allows us to work with
parameters that more naturally reflect the properties of the Galois representa-
tion p, moreover, these parameters are somewhat more conveniently behaved
under functoriality. If € is the p-adic cyclotomic character of G, we follow
the convention that the Hodge—Tate weight of € |GQp is 1. The corresponding

automorphic representation of GL(1)/Q is | - |~!, and we have
to (€lwg, )™ =rec(l - |71) =rec(] - ).
2.2 The proof of Theorem 1.4

Let I+ denote the automorphic form for GL(4)/F™T associated to 1 whose
existence was established by Theorem 2.2. For any infinite place v|oo of F™,
the associated Archimedean Langlands parameter is a 4-dimensional repre-
sentation o, of the real Weil group W for each infinite place v of F*. Since
T+ is algebraic, the restriction of o, to C* is of the form z — zPZz7 for inte-
gers p and q. By purity (Lemma 4.9 of [12]), the sum p + ¢ only depends on
m and v. (Since the Galois representation descends to Q, o, only depends
on 7w, as we shall see below.) Since 7 is regular and v has Hodge-Tate
weights (0,m,n,m + n) at every v|p, it follows (with our normalizations)
that oy, is of the form

op I(Zm+n) @ I(anm),

where I (§) denotes the induced representation of & from C* to Wgr. Here we
have invoked the compatibility at v|p between the infinity type of I1g+ and
the corresponding Hodge—Tate weights (see Theorem 1.1(4) of [5]). Since
1E)RI()=1(EL) @ I(£Q), it follows (cf. (5.8) of [26]) that

/\2((71)) ~ I(ann+2m) ® I(ZmEZn—l-m) ® Sgnm+n+1| . |m+n ® Sgnm+n+1| . |m+n‘
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6 F. Calegari

A result of Kim [21] implies the existence of the exterior square AT r+ for
GL(6)/F™ whose construction is compatible with functoriality at all places
except possibly those dividing 2 and 3. In particular, the infinity type of
ATl g+ at v is A%(0y). Moreover, the work of Kim also implies that the rep-
resentation A2ITz+ can be taken to be isobaric.

Lemma 2.3 The base change of T1 p+ to any solvable Galois extension of F+
is cuspidal.

Proof The existence of the base change to any solvable extension follows by
repeated applications of Theorem 4.2 (p. 202) of [1]. By assumption, the rep-
resentation v and hence v remains irreducible after restricting to any solv-
able extension, and thus the restriction of ¥ to any solvable extension admits
no isomorphisms to any non-trivial self-twist. Thus, we are always in the set-
ting of Theorem 4.2(a) of ibid, and we deduce the corresponding base changes
are cuspidal. 0

Lemma 2.4 The automorphic form N*T1 g+ is cuspidal for GL(6).
Proof Tf A*T1 g+ is not cuspidal, then, since it is isobaric, we may write
NTlps ~ B B, m>1,

where each f; is a cuspidal automorphic representation of GL(n;)/F™ with
Zj nj=6and n; <nj;ifi < j. By comparison with the infinity type Aoy,
the forms B; will necessarily be algebraic. Theorem 1.1 of [2] gives a list of
necessary (and sufficient) conditions for A2IT z+ to be non-cuspidal. We show
why none of these possibilities may occur.

(1) Mg+ = w1 Xy, where 71 and m; are cuspidal for GL(2)/F . If either 7y
or 75 does not remain cuspidal over some quadratic extension of F 1, then
[T+ does not remain cuspidal either, contradicting Lemma 2.3. Hence,
we may assume that Sym?m; and Sym?m, are both cuspidal. It follows
that

ATl g+ = g1 K Ba = x2 ® Sym?m; K 1 ® Sym?ma,

where x; and xo are characters. In particular, the infinity type of 81 and
B2 must be

I(ann—I—Zm) D Sgnm+n+1| . |m+n and I(ZmEZn-i-m) D Sgnm+n+1| . |m+n
respectively. Both these characters are algebraic and regular. Moreover,

B1 and By are essentially self-dual (via their identifications up to twist
with symmetric squares), and F is totally real. It follows from the main
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Even Galois representations and the Fontaine—-Mazur conjecture 7

result of [22] that 81 and B> may be associated to three dimensional (es-
sentially self-dual) Galois representations of G p+. Yet A2I1 g+ is asso-
ciated to the Galois representation A2v/|g ~+» Which is easily seen to be
irreducible, and these facts are incompatible.

(2) Mg+ is the Asai transfer of a dihedral cuspidal automorphic represen-
tation 7g of GL(2)/E for some quadratic extension E/F*. We deduce
that the base change of wr to some CM extension H/E of degree two
is no longer cuspidal, and thus that the base change of I1z+ to the (solv-
able) Galois closure of H over F is also not cuspidal. This contradicts
Lemma 2.3.

(3) g+ is of symplectic type. By the main theorem of [6] (cf. [10]), we
may deduce that the symplectic/orthogonal alternative for the automor-
phic form determines and is determined by the Galois representation. Yet
the Galois representation is of orthogonal type.

(4) TIp+ is the automorphic induction from some quadratic extension E/F ™.
If T1p+ arises via automorphic induction, then it is isomorphic to a self
twist by a quadratic character. It follows that the base change of I[1g+ to
E is not cuspidal, contradicting Lemma 2.3. O

On the level of Galois representations, if we let F = FT.K then
2 _ 2 c 2/ ¢
AP |F = Sym~(p)det(p®) & Sym”(p°) det(p).

By multiplicity one for GL(6) [18], it follows that A2ITp+ ~ A2TTp+ @ 7,
where 7 is the quadratic character of F/F ™. In particular, from Theorem 4.2
of [1], A’IIp+ is the automorphic induction of an automorphic form for
GL(3)/F, which we shall denote by S(;rr). From the description of the in-
finity type A%0, of A2I1x+ given above, we deduce that the infinity type of
S(mF) at v is one of four possibilities:

z> 17T @ P @ g,

) 2 _ —
7> Znzn+ m Dz n+mzm @Zm—i-nzm—i-n’

2m—i =2 =i
n+ mZn EBZmZ n-+m @ Zm—l—n m+n’

> Z <

7 Zn—l-ZmZn ® Z2n+mzm ® Zm+nfm+n.
These correspond to the only four partitions of (the six characters occurring
in) A%, |cx into two sets of three characters which are permuted by the in-
volution z — Zz. This calculation uses the fact that {0, m,n, m + n} are all
distinct. The notation S(;rr) is meant to suggest the existence of an auto-
morphic form g for GL(2)/F associated to p|g,; if such a mp existed
then Symznp would be isomorphic (up to twist) to S(;rr). It is not neces-
sary for our arguments, however, to establish the existence of such a mr. We
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8 F. Calegari

see explicitly that the infinity type of S(mF) is regular algebraic and coho-
mological. Moreover, we deduce that the infinity type is not preserved by the
Cartan involution (which effectively replaces z by 7z in this case—once more
noting that {0, m, n, m + n} are all distinct by hypothesis), and thus S(7F)
cannot exist, by Borel-Wallach (Theorem 6.7, VII, p. 226 [7]). As stated,
this theorem applies only in the compact case. However, the same proof (via
vanishing of (g, K)-cohomology) applies more generally to the cuspidal co-
homology in the non-compact case, which also may be computed via (g, K )-
cohomology. g

3 Even representations

Let E/Q be a totally real field. Recall that a representation r : Gg — GL,(O)
is odd if, for any complex conjugation ¢ € Gg, Tr(p(c)) = —1, 0, or 1. We
start by noting the following:

Theorem 3.1 Let n be odd. Let E be a totally real field, and let r : Gg —
GL,(O) be a continuous irreducible Galois representation unramified out-
side finitely many primes. Let x be a finite order character of Gg that is
unramified at all v|p. Suppose that p > 2n, and, furthermore, that

(1) r is self-dual up to twist: r ~r¥e! ™" y.

(2) r is ordinary for all v|p with distinct Hodge—Tate weights.
(3) 7 has 2-big image, in the sense of [5], Definition 7.2.

(4) The fixed field of ad(¥) does not contain E (¢ p)+.

(5) (detr)? = €1~ mod p.

Then there exits a totally real field F/Q such that the restriction r|p+ is
modular, i.e., associated to a RAESDC form T p+.

Proof Taking determinants of both sides of the relation r ~ rVe! ™y, we
deduce that €!="x(c) = +1 for any complex conjugation c. Since r is ir-
reducible and self-dual up to twist, we may deduce that r preserves a non-
degenerate pairing (x, y). Since n is odd, moreover, this pairing must be sym-
metric. Hence, we may apply Theorem 7.5 of [5] (with € = +1) to deduce the
result. U

Remark 1t should be possible to prove this theorem for p > n as follows.
Suppose that r corresponds to a RACSDC automorphic I1f for GL(n)/F for
some CM field . By Lemma 4.3.3 of [13], we may deduce that 1y descends
to a RAESDC form ITy+ for GL(n)/F*. Hence, in light of modularity lift-
ing theorems of Geraghty [16] (in particular, Theorem 5.3.2), it suffices to
prove that 7|g, is modular for some CM field F which is sufficiently dis-
joint from E(¢,)*. One approach to proving modularity theorems of this type
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Even Galois representations and the Fontaine—-Mazur conjecture 9

arises in the work of Barnet-Lamb ([4], Proposition 7). As written, this the-
orem requires some extra assumptions, in particular, that 7 is crystalline and
that the residue field of O is F), (the fact that n is odd guarantees that all
sign conditions are satisfied). However, combining this approach with recent
advances (particularly, generalizing the results about the monodromy of the
Dwork family proved in ([5] §4, §5) to the more general setting of [4]), these
conditions can presumably be removed in the ordinary case. The reason that
one obtains a better bound on p is that this method requires modularity lift-
ing theorems for GL(n) (over a CM field) rather than modularity theorems
for GL(2n) (over a totally real field) as in the proof of Theorem 7.5 of [5].

Proof of Theorem 1.2 Suppose that p satisfies the conditions of Theorem 1.2.
I claim that r = Symz(,o) ® (e det(p)™ ) = adO(,o) ® e~ ! satisfies the con-
ditions of Theorem 3.1. In particular:

(1) r is self-dual up to twist, because ado(p) is self-dual.

(2) r is ordinary, because p is ordinary (by assumption).

(3) 7 has 2-big image. By corollary 2.5.4 of [13], 7 has big-image. In fact,
the same proof applies to show that 7 has 2-big image. The difference
in the definition of 2-big image and big image is the requirement that
the element 4 € H with eigenvalue « arising in the definition of bigness
(Definition 2.5.1 of [13], see also Sect. 6 of this paper) has the property
that if B is any other generalized eigenvalue of /, then a® # B2. In the
proof of Lemma 2.5.2 of [13], the element /4 is taken to be a generator
t of the F,-split torus of SL,(F ). The image of ¢ acting via the adjoint
representation of SL(F),) is

diag(82,1,872),

where § is a generator of F ;. If o and B are two distinct eigenvalues of

this matrix, then o?> = B2 implies that 6% = 1. Yet & generates F; and
thus has order p — 1, which does not divide 8 if p > 7.

It should be noted that Lemma 2.5.2 of [13] is not exactly correct as
stated—the requirement on [ in ibid should be [ > 2n + 1 rather than
[ > 2n — 1. The issue is the appeal to [11]; the group H' (U, Symm?))?
vanishes for / > 2n + 1 rather than / > n + 1. Of relevance to this paper
is that H!(SLy(F7), Sym4F2) # 0; this is why we assume that p > 7.
In fact, the main theorem of our paper still holds when p = 7 under the
stronger assumption that SL> (F,) C image(p) for some g > p.

(4) The fixed field of ad(r) does not contain E (§p)+. We are assuming the
image of o contains SL>(F ), and in particular that

SLy(F)) C image(p) C GL2(F).

@ Springer



10 F. Calegari

It follows that the image of ad®(p) contains PSL (F p) and is contained in
PGL, (F). Consequently (by the classification of subgroups of PGL, (F)),
the image is isomorphic to either PSL, (k) or PGL, (k) for some F, C
k C F. Since #k > 7, PSLy(k) is a simple group. Since 7 is a twist of
ado(ﬁ), the image of ad(r) is also isomorphic to PSL,(k) or PGL, (k).
In particular, the maximal solvable extension E’ of E contained inside
E (ad(¥)) has degree at most 2 over E. Hence

E(ad(®)NEC) T =E NEE,)" CE.

Yet [E’ : E] < 2, and by assumption, [E(g“p)+ : E]> 2. Thus E(ad(7))
does not contain E({,)".
(5) Since det(ado(ﬁ)) is trivial, det(7)2 = det(e )2 =0 =313,

We deduce that 7 is modular over some totally real field FT. Using the same
normalizations discussed in Sect. 2.1, we conclude that there exists an au-
tomorphic form ITy+ for GL(3)/F™ such that, for all finite v in FT not
dividing p,

—1\Ss
to (rlw,, )™ =rec(Ip, | -171)".
v

1

Since rec(| - |~H =€~ 1, we may twist both sides to deduce that

Lo (ado(/o)lwpr)SS = rec( \;ﬂv)ss.

By multiplicity one for GL(3) [18], we immediately deduce (by considering
the Galois representation ad’(p)) that 1'[\; + >~ I g+ and that ITg+ has triv-
ial central character. If follows from Theorem A and Corollary B of [25]
that [Tp+ is the symmetric square of a RAESDC automorphic form mp+
for GL(2)/F™, that is, a Hilbert modular form. Such automorphic forms are
known to admit a p-adic Galois representation, which must be equal to p| g+
up to twist. Yet the Galois representations associated to Hilbert modular forms

are odd, and thus p is odd. Il

Instead of appealing to functorial properties of the symmetric square lift,
one may appeal to the following theorem:

Theorem 3.2 (Taylor [28]) Let F* be a totally real field, let Tlp+ be a
RAESDC automorphic form for GL(n)/F™ for odd n, and let r be a p-adic
Galois representation associated to Il p+. Assume that r is irreducible. Then
r is odd.

Remark By Theorem 3.2, one may deduce immediately from the modularity
of r that Sym2 () and hence p are odd.
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Even Galois representations and the Fontaine—-Mazur conjecture 11

Remark If the analog of Theorem 3.2 was known for even n, this would
also lead to a different proof of Theorem 1.4. Namely, the Galois represen-
tation ¥ = p ® p¢ is shown to be associated to a RAEDSC form I1g+ for
GL(4)/F™, and yet Tr(y (c)) = £2.

Remark Although the Fontaine-Mazur conjecture predicts that Theorem 3.1
should continue hold when 7 is even, the argument above cannot (directly) be
made to work. For n even, the representations 7 will not, in general, be poten-
tially modular (in the sense we are using) over any CM field F, because the
Bellaiche—Chenevier sign of the Galois representation (see [6]) may be —1.
Indeed, when n = 2, all representations are self-dual up to twist, and so an
even representation p : Gg — GL2(F) is never potentially modular over a
CM extension F' in the sense we are using. (On the other hand, both conjec-
turally and experimentally (see [14]), o is modular for GL(2)/F if we omit
the self-dual requirement.)

Remark For n = 4, suppose that E be a totally real field, and p : G —
GSp,(O) is a continuous irreducible Galois representation unramified outside
finitely many primes. Assume, otherwise, that r satisfies all the conditions of
Theorem 3.1. Since p is symplectic, A%p has a one dimensional summand.
Let r be the complementary summand. It is a simple exercise to see that
r is self-dual up to twist by a character that is either totally odd or totally
even, and that r is ordinary with distinct Hodge—Tate weights. If p has image
containing GSp, (F), then the image of 7 in GL5(F) is presumably large (this
is an unpleasant calculation that the author has no interest in attempting). If
s0, then one may apply Theorem 3.1 to deduce that r is modular, and deduce
from Theorem 3.2 that r is odd. Consequently p cannot be totally even, that
is, p(c) is not a scalar for any complex conjugation ¢ € G g. This result seems
to be about the natural limit for such arguments—there does not seem to be
a way to deduce anything about totally even representations with image in
GSpe(0), for example.

4 Compatible families

Let us recall from [29] the notion of a weakly compatible family of Galois
representations. (In this section only, O will be denote a global ring of inte-
gers, not a local one.)

Definition 4.1 A weakly compatible family R = (L, {p,}, P¢(T), S, {m, n})
of two dimensional Galois representations over Q consists of:

(1) A number field L with ring of integers O,

(2) A finite set of rational primes S,
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12 F. Calegari

(3) For each prime £ ¢ S, a monic polynomial Py(T) of degree 2 with coef-
ficients in L,
(4) For each prime A of O with residue characteristic p,

pa : Gal(Q/Q) — GL,(Oy)

is a continuous representations such that, if p ¢ §, then p;|D), is crys-
talline, and if £ ¢ S U {p} then p, is unramified at £ and p, (Frob,) has
characteristic polynomial Py (T),

(5) m and n are integers such that for all primes A of Of above p, the repre-
sentation p, | D, is Hodge-Tate with Hodge—Tate weights m and n.

Say that R is irreducible if one (respectively, any) p, is irreducible. We
prove the following result (contrast the result of Kisin [20], Corollary (0.5)).

Theorem 4.2 Let R be an irreducible weakly compatible family of two di-
mensional Galois representations of Q with distinct Hodge—Tate weights.
Then, up to twist, R arises from a rank 2 Grothendieck motive M (f) attached
to a classical modular form f of weight > 2.

Proof If {p,} is odd (for any A), this is a consequence of [20], Corollary (0.5).
Hence, we may assume that k = n —m > 0 and that p;, is even for all 1. With-
out loss of generality, we may assume that m = 0. If the projective image of
P, 1is either {A4, S4, As} for infinitely many A, then the projective image of
p» 1s also finite and we are in case 2 above. If the projective image of o,
is dihedral for infinitely many X, then p, is induced from a one dimensional
character of a quadratic extension of Q. In the latter case, the modularity of
oy 1s an easy consequence of class field theory (see [15]). Hence, we may
assume that there exist infinitely many primes A € O such that Oy = Q,,
and such that the image of 0, contains SL>(F ). Consider a sufficiently large
such prime A. If p; | D), is ordinary, then Theorem 1.2 implies that p;, is odd,
a contradiction. Otherwise, since we may assume that p ¢ S, the representa-
tion p;|D), is crystalline at p, and (assuming that p is sufficiently large with
respect to k) that p, | D, ~ Ind(wé) for the fundamental tame character w, of
level 2. Consider the representation r = ad’ (p)) ® €, where € is the cyclo-
tomic character. The proof of Theorem 3.1 can be modified to show that for p
sufficiently large, r is modular and hence p, is odd, completing the proof of
the theorem. The key adjustment required to prove the potential modularity
of r is to replace the appeal to Theorem 7.5 of [5] with Theorem 7.6 of ibid,
noting that the coefficients of the representation o, are Q,, and that we may
take A sufficiently large so as to deduce from Lemma 7.4 of [5] that 7 has
2k-big image. g
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5 Complements

One idea of this paper is to use potential modularity and functoriality to
rule out the existence of Galois representations whose infinity type has the
same infinitesimal character as a non-unitary finite dimensional representa-
tion. This method, however, cannot be applied in all such situations. Consider
a representation p : G — GL3(E) with three distinct Hodge—Tate weights
that are not in arithmetic progression. The 8 dimensional irreducible sub-
representation ¥ of p ® p", which one might hope to prove is automorphic
for GL(8)/F ™, does not have distinct Hodge—Tate weights. Moreover, even
if one knew that ¢ arose from some automorphic form ITz+, functoriality
is not sufficiently developed to reconstruct the wp+ (associated to p) from
I[1g+. Another natural question that falls outside the scope of our methods is
the following.

Question 5.1 Let K be an imaginary quadratic field, and let E/K be an
elliptic curve. Does there exist a totally real field F* such that E is poten-
tially modular over F := F*.K ? That is, does there exist an automorphic
representation w for GL(2)/F such that L(np,s) = L(E/F,s)?

6 V¥ has big image

In this final, technical section, we verify that the residual representation
occurring in Lemma 2.1 has 2-big image. The definition of 2-big image de-
pends on the residue field F. However, in all modularity lifting theorems it is
harmless to extend scalars. (In particular, in Theorem 7.5 of [5], one is free to
replace O = Or, by Oy for any finite extension M/L.)

Lemma 6.1 If F > CF, the residual representation ¥ of Sect. 2 has 2-big
image in the sense of ([5], Definition 7.2).

Proof Write V for the 4-dimensional vector space underlying . Recall that
G =im(yr) C GL4(F) has 2-big image if:

(1) G has no p-power quotient.
(2) H (G,ad°(V))=0fori=0andi=1.
(3) For every irreducible G-submodule W of ad®(V) c Hom(V, V), there
exists an g € G such that:
(a) The a-generalized eigenspace V,  for g is one dimensional for some
o €F.
(b) For every other eigenvalue 8 of g, B2 # a?.
(c) If v € Vg 4, there is an inclusion v € W (v).
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14 F. Calegari

If this property holds for a finite index subgroup H C G of index co-prime
to p, then it holds for G.

By assumption, if G is the image of ¥, then G contains, with index co-
prime to p, the group H = SL;(k)? x Z/2Z for some field F » Ck CF.Con-
dition (1) holds for H.

Write V for the 4-dimensional vector space underlying v/. There is a nat-
ural decomposition V = X ® Y where the first SL, (k) factor acts on X and
the second on Y. We find that

ad®(V) = We ® Wy

for irreducible representations Wg and Wg of dimensions 6 and 9, respec-
tively. Explicitly,

(1) We =ad’(X) @ ad®(Y),
(2) Wo=ad’(X)® ad’(Y).

Let C denote a split Cartan subgroup of SL>(F ), and N a non-split Cartan
subgroup of SL;(F ). There are isomorphisms

CxFy,  Nx=(Fp)' =

where o denotes Frobenius in F;z. Let 6 denote a generator of C and y a

generator of N. Then g = (8, y) CC x N C SLy(F p)2 is naturally an element
of H.The eigenvalues of g on X @Y are {8y, 8y ~!,87 'y, 8~y ~}. Suppose
that the squares of two distinct elements of this set coincide. Then there must
be an equality

44 =1

where i and j are in {—1,0, 1} and are not both zero. Taking the product
(respectively ratio) of this element and its conjugate 8%y %/, we deduce
that either % = 1 or ¥® = 1. Yet § and y have orders p — 1 and p + 1 re-
spectively, contradicting the assumption that p > 7. In particular, the squares
of the eigenvalues (and thus the eigenvalues) of g are distinct. Suppose that
W C adO(V) is an irreducible representation such that W contains a non-
zero g-invariant element w. Then w induces a map w : V — V which is
g-equivariant. Since all the eigenvalues of g are distinct, all the eigenvectors
of g are eigenvectors of w. In particular, since w is non-zero, there exists at
least one eigenvector of g with eigenvalue o which does not lie in the ker-
nel of w. If V, 4 is the line generated by this eigenvector, and v € Vg 4, it
follows that v is a non-zero multiple of w(v) and thus v € W(v). By inspec-
tion, both Wg and Wy contain g-invariant elements, and thus we have verified
condition (3).
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We now verify condition (2). Since SL(k)? is contained in G with index
co-prime to p, it suffices to show that the cohomology vanishes for this group.
This is elementary for H 0 Write H =T x I', where I'; = SLy(k) acts on
X and I'y = SLy (k) acts on Y. The modules Wg and Wo decompose as H
modules of the form A ® B where A = SymZi (X) and B = Symzj (Y) for i
and j in {0, 1}, where at least one of A and B is non-trivial. By symmetry,
we may assume that B is non-trivial. Hence A ® B has no invariants as an
[';-module, and thus, by inflation-restriction,

H' (T, xT2,A®B)—> H'(I'/,A® B)=BQ® H'(I'1, A)
= B® H'(SLa(k), Sym* X) =0,

as the latter group vanishes for i =0, 1 and p > 5. O
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