SEMISTABLE ABELIAN VARIETIES OVER Q. II

ASTRA 6.0, FABLE 5.1

ABSTRACT. We prove that for N = 6 and N = 10, there do not exist any non-zero semistable
abelian varieties over Q with good reduction outside primes dividing N. Combined with results
of Brumer—Kramer and of Schoof, this result is best possible: if N is squarefree, there exists
a non-zero semistable abelian variety over Q with good reduction outside primes dividing N if
and only if N ¢ {1,2,3,5,6,7,10,13}.
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1. INTRODUCTION

In this paper, we address the following question: for what integers N does there exist a non-
zero abelian variety A/Z[1/N] with semistable reduction at primes dividing N. Without loss of
generality, one may assume that N is squarefree. The Jacobians Jy(N) provide examples of such A
whenever N ¢ {1,2,3,5,6,7,10,13}. The main theorem of this paper is that this list is complete;
namely, that there does not exist a non-zero semistable abelian variety A/Z[1/N] for such N.
This is a theorem of Fontaine for N = 1 [Fon&5] (see also [Abr&7]), of Brumer and Kramer for
N € {2,3,5,7} [BKO1], and of Schoof for N € {2,3,5,7,13} [Sch05]. For N € {6,10}, it was
proved by Calegari [Cal04] under the assumption of the GRH discriminant bounds of Odlyzko.
Hence the remaining goal in this paper is to remove that assumption.

Theorem 1.1. There is no non-zero semistable abelian variety over Q with good reduction outside
{2,3}, and none with good reduction outside {2,5}.

All the proofs mentioned above follow Fontaine’s strategy. One chooses a prime [ { N,
bounds the ramification of the I-division field Q(A[!]) using Fontaine’s theorem on finite flat group
schemes [Fon85], bounds its degree using Odlyzko’s lower bounds for discriminants [Od190, Od176],
deduces that the I-power torsion is built from the group schemes Z/l and p;, and derives a con-
tradiction with the Weil bounds at a prime of good reduction. For N = 6, the smallest admissible
prime is | = 5 and the root discriminant of Q(A[5]) is bounded by 5°/46/5 ~ 31.35; for N = 10 one
takes | = 3 and obtains 3%/210%/3 ~ 24.12. Both exceed 4me? ~ 22.38, the limit of Odlyzko’s un-
conditional bounds, so no unconditional discriminant bound can bound the degree of these fields;
under GRH the limit is 8me” &~ 44.76 and the degrees are bounded. It does not seem possible to
avoid the use of GRH using this method.

The new variation of this paper is to consider instead [ = 2 which divides N. At the odd prime
p | N, we deduce (as in [BK01, Sch05, Cal04]) that inertia acts on A[2] through an element o with
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(0 —1)?2 =0, hence 02 = 1, so the ramification at p is tame of index at most 2 and contributes at
most p'/2 to the root discriminant. But now at [ = 2 Fontaine’s theorem does not apply, and we
need a replacement to bound the action of inertia in this case; this will be the first result of this
paper.

We use Serre’s upper numbering [Ser68, Chap. IV]: for a finite Galois extension L/K of local
fields with group G, G~! = G, G* = G is the inertia group for —1 < u < 0, and G* decreases
with u. Fontaine [Fon85] uses the shifted numbering G) = G*~'. If K/Q, is unramified,
valuations on algebraic extensions of K are normalized by v(2) = 1.

Theorem 1.2. Let A/Q2 be an abelian variety with semistable reduction, let L = Q2(A[2]) and
G = Gal(L/Q2). Then
IGY| <2 (u>1), G'=1 (u>2).

In particular, if e = e(L/Q2), then
5
3

Note that the cutoff 2 is optimal; for the Tate curve with parameter 2 one has L = Qz(v/2)
whose upper jump is 2.

2
- <
e

5
v2(Dr/q,) < 5~

For torsion quotients of lattices in semistable p-adic representations with Hodge—Tate weights
in {0,...,r} there is a general ramification bound due to Hattori [Hat09] and Caruso—Liu [CL11]:
in the shifted numbering, Hattori proves that G(*) acts trivially for v > 1+ e(n+1/(p —1)) when
r = 1, where e is the absolute ramification index and p™ kills the module. Both proofs assume
that p odd (Hattori’s hypothesis is < p — 1). Both results give the same bound when n =r =1
and e < p—1. For p =2, and e = n = r = 1, their bound would read G*) = 1 for v > 3, i.e.
G" =1 for u > 2, which is the second assertion of Theorem 1.2. It may well be possible to adapt
the methods of those papers to cover the case p = 2. Our proof, however, is specific to abelian
varieties: it uses the Raynaud uniformization and only Fontaine’s theorem for finite flat group
schemes, which holds for all primes including 2. It also gives the extra information that |G*| < 2
for w > 1 which will be useful.

The global argument has two separate parts. One (standard) part is to use the discriminant
bound of Theorem 1.2 to show that Gal(Q(A[2])/Q) is a 2-group. The other is the following
criterion, which is where the restriction to p € {3,5} is not yet needed:

Theorem 1.3. Let p be an odd prime with p =3 or 5 (mod 8), and let A/Q be an abelian variety
with semistable reduction at 2 and good reduction outside {2,p}. If Gal(Q(A[2])/Q) is a 2-group,
then A has good reduction at 2. The same holds with {2,p} replaced by {2}.

The proof is short. The hypothesis on p implies that every 2-extension of Q unramified outside
{2, p, 00} has full decomposition group at 2. Applied to the fields Q(A[2"]), this shows that the
toric part V2(T) C Va(A) of the Raynaud uniformization at 2, which is a priori only stable under
Gq,, is stable under Gq, and that Gq acts on it through the image of Gq,, an abelian group. By
Kronecker—-Weber, Frobenius at a prime ¢ of good reduction then acts on Vo(7T) with eigenvalues
of absolute value ¢, contradicting the Weil bound unless 7 = 0. Once A has good reduction at 2,
Theorem 1.1 follows from Brumer—Kramer [BK01] or [Sch05].

The paper is organized as follows. Section 3 recalls the Raynaud uniformization of A over Qo
and deduces from it the two facts we need: the description of the toric part of V5(A) as a Gq,-
representation, and a finite flat group scheme Hsy over O with K (A[2]) C K (H2)(v/2). Section 4
proves Theorem 1.2 and the resulting root discriminant bound. Section 5 proves Theorem 1.3,
and Section 6 proves Theorem 1.1.

Remark 1.4. When semistable abelian varieties with good reduction outside NV do exist, one can
ask whether they are all isogenous to powers of Jo(IV). Schoof proved this for N = 11 in [Sch05],
for N = 15 in [Sch12b], and for N = 23 in [Schl2a]; Campagna and Goodman [CG25] have
recently proved it for N = 19. The case N = 15 is the only other squarefree N with two prime
factors for which such a classification is known.
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2. ACKNOWLEDGMENTS: HUMAN DISCLOSURE

We acknowledge that human assistance was used in polishing the manuscript, improving the
exposition, and exploring possible research directions. The authors independently developed,
verified, refined, and wrote all mathematical arguments, and take full responsibility for the current
manuscript. Frank Calegari (version 1.0, set to medium intelligence) was used to explore possible
research directions and to provide occasional guidance. In particular, he raised the initial question
and, after some initial considerations, offered Fable the following prompt:

It seems to me that we should then start at p=2, and assume that we know the "simple" objects are Z/2Z. I'm not sure
what category we should work in to capture the semistability (log-flat??). But there is definitely something to explore
here. Work out a program and push how far it goes

Fable then came up with an initial version of the argument, contingent on the assumption
that [Hat09, CL11] could be adapted for p = 2. The argument was then passed to Chat GPT
Astra 6.0 with the request to supply this missing ingredient:

| want you to #1 stress test this argument, and #2 supply the missing ingredient for \Q_2(A[2]) and A a semistable
abelian variety over 2 (can this also be extracted from Raynaud uniformization!?)

Astra then provided the precise statement and proof of Theorem 1.2, and a complete argument
which proceeded by analyzing the connected parts of A[2"] for all n. Calegari then observed that
the resulting argument, which analysed the connected parts of A[2"] for all n, could be replaced
by the argument of Section 5:

Once we know that the action of G_Q on A[2A\infty] is seen by G_{Q_2}; surely we can go immediately to the full 2-adic
Tate module, and a soft version of Raynaaud shows that there can not be any toric part, because (looking globally) the
ss of the toric part is abelian and then globally abelian. So then we have good reduction at 2 and we are done by previous
results???

3. RAYNAUD UNIFORMIZATION AND THE INTEGRAL TORSION GROUPS

Throughout this section, A/Q2 is an abelian variety with semistable reduction. We need two
facts about its 2-power torsion, Lemma 3.4 and Lemma 3.9 below. Both are elementary conse-
quences of the rigid analytic uniformization of A, which we now recall. For proofs and for the
comparison with the Néron model see Raynaud [Ray71], Bosch-Liitkebohmert [BLI1, §1] and
Faltings—Chai [FC90, Ch. II, §1, and Ch. III].

The uniformization. There is a semiabelian scheme G over Zs, the Raynaud extension of A,
which is an extension

0—T —G—8B—0
of an abelian scheme B by a torus T over Zs, together with a Gq,-stable subgroup ¥ C G(Qs,),
free of rank ¢ = dim T (the period lattice), such that

(3.1) 0—Y —G(Q,) — A(Qy) — 0

is an exact sequence of Gq,-modules. The exactness of (3.1) is the statement on points of the
isomorphism of rigid analytic groups A*" ~ G*' /Y. (The isomorphism directly gives A(Csy) =
G(Cs)/Y rather than the statement for Q,-points, however, the map G* — A®" is an étale
covering, so its fibre over a point of A rational over a finite extension of Qg consists of points of G
rational over finite extensions.) The torus 7 is split by a finite unramified extension, as is every
torus over the henselian ring Z,, and Gq, acts on Y through a finite unramified quotient, since
Y is the character group of the torus in the Raynaud extension of the dual abelian variety. These
two unramifiedness statements are the only place where semistability (as opposed to potentially
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semistable reduction) is used. The special fibre of G is the identity component of the special fibre
of the Néron model of A [BLI1, §1], so ¢ is the toric rank of A at 2.

Notation. Fix a finite unramified extension K/Qs over which 7T is split and Gx acts trivially
on Y. Put R = Ok, so that Tg ~ G!, and Y ~ Z' and let k be the residue field of R and
@ = 2 its uniformizer. Let K be an algebraic closure of K, Oy its valuation ring and k its
residue field. For an R-scheme Z we put Z(O%) = |J Z(Ok), the union over the finite extensions
K'/K inside K. Reduction modulo the maximal ideal gives a map Z(O%) — Z(k), z + %, which
is G'g-equivariant when G acts on Z(k) through Gal(k/k); in particular the inertia group Ix
acts trivially on Z(k). If Z is finite over R then Z(K) = Z(Ogz). We use additive notation in
G, including on the torus; the notation A(a), for a cocharacter A € X,(7T) = Hom(G,,,7T) and
a € FX, keeps its multiplicative meaning.

Since Gi acts trivially on Y, we have Y C G(K); we write u : Y — G(K) for the inclusion, the
period homomorphism. (Here we follow the notion of Deligne [Del74, §10] and Raynaud [Ray94]
for the homomorphism defining a 1-motive [Y % G].) By (3.1), for every m > 1,

(3.2) Am](K) ={g € G(K) :mg € u(Y)}/u(Y)

as Gg-modules, where o[g] = [0g]. The map G[m|(K) — A[m|(K), g — [g], is injective because
u(Y') is torsion free, and its cokernel is Y/mY, with trivial Galois action.

The toric part of the Tate module. Passing to the inverse limit over m = 2" in (3.2) gives
an exact sequence of Gq,-modules

(3.3) 0—T5(G) —Ta(A) —Y®Zy — 0,

and 7 C G gives To(T) C T2(G). We write Vo(T) = To2(T) ® Q2, a Gq,-stable subspace of V5(A)
of dimension ¢, the toric part of Vo(A).

Lemma 3.4.

(i) There is a Gq,-equivariant isomorphism To(T) ~ X.(T) ®Z(1), where Gq, acts on the
cocharacter group X, (T ) through the finite unramified quotient Gal(K/Qs). In particular
Iq, acts on To(T) through the cyclotomic character x, by scalars, and the image of Gq,
in Aut(To(T)) is abelian.

(ii) Ift =0, then A has good reduction at 2.

Proof. For every m, the map X,.(T)®pm — T[m], A&¢ — A((), is a Gq,-equivariant isomorphism;
pass to the limit. The group Gal(K/Qg) is cyclic, so the image of Gq, is generated by commuting
elements: the images of Gal(K/Q2) acting on the first factor and the scalars x(Gq,) acting on
the second. This proves part (i). If t =0, then 7 =0 and Y = 0, so G = B is an abelian scheme
over Zy and (3.1) identifies A with its generic fibre. This proves part (ii). O

Remark 3.5. For | # 2, the analogous description of T;(A) as a Gq,-module is Grothendieck’s
[Gro72, Exp. IX]: T;(G) is unramified, with toric part X.(7) ® Z;(1) and abelian part T;(B), and
the quotient Y ®Z, is unramified. For [ = 2 the module T»(B) is crystalline rather than unramified,
and the sequence (3.3) does not split in general, but the toric part behaves exactly as for [ # 2.
This is all that is used in Section 5.

Lemma 3.6 (Raynaud [Ray94]). There are homomorphisms ug : Y — G(R) and v :Y — X.(T)
such that

u(y) = uo(y) +v(y)(w)  forallyeY.

Proof. Tt suffices to define ug and v on a basis y1,...,y; of Y and to extend additively. The
image of u(y;) in B(K) lies in B(R), as B is proper. Its inverse image in G is a torsor under the
split torus Tr =~ G, over Spec R; since Hflppf(R7 G,,) = Pic(R) = 0, this torsor has an R-point
gj. Then u(y;) — g; € T(K) = (K*)!, and each coordinate is uniquely a unit times a power
of w. Moving the unit coordinates into g; gives ug(y;) € G(R), and the vector of valuations is
v(y;) € Z' = X (T). O
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This is the split case of a theorem of Raynaud [Ray94, 4.5.1], which decomposes the period
homomorphism of the 1-motive [Y — Gk| into an integral part and a part with values in the
torus; see also [BCCO04, Thm. 9] and [Gun21, Prop. 2.17]. Only the elementary statement above
is used here. The homomorphisms 1y and v depend only on the choice of the uniformizer w.

Example 3.7. Let A = E, be the Tate curve over Qo with parameter ¢ = 2"¢, n > 1, e € Z;.
Then G = G, Y = ¢4 C QJ, and, in multiplicative notation, ug(q) = € and v(q) =n € Z =
X (Gp).

The group scheme #,. Fontaine’s ramification bound (Theorem 4.1 below) applies to the points
of a finite flat group scheme over R. The Galois module A[2] is not (necessarily) of this form when
t > 0, but Lemma 3.6 allows us to compare it with one. For y € Y, let

Xy =12 (uo(y)) € G
be the fibre of multiplication by 2 over the R-point ug(y); thus X = G[2].

Lemma 3.8.

(i) Fach X, is a finite flat R-scheme and a torsor under G[2], and for z € Y translation by
uo(2) is an isomorphism X, — Xyi2..

(ii) Choose a representative a € Y for each class a € Y/2Y . The disjoint union

I %
a€Y/2Y

is a finite flat commutative group scheme over R killed by 2, with group law (g,a) +
(h,0) = (g + h —up(d), ¢c) where a+b =¢+2d, d €Y. There is an exact sequence

Proof. Multiplication by 2 on G is flat by the fibral flatness criterion [Con, §5] and surjective
on fibres, and its kernel G[2] is finite flat, being an extension of B[2] by T[2] ~ u5. The map
G xG2] = G X262 9, (9,h) = (9,9 + h), is an isomorphism, so after the faithfully flat base
change [2] the morphism [2] : G — G becomes the projection G x G[2] — G, which is finite flat; by
descent, [2] is finite flat. Hence so is its base change X, — Spec R along u(y), which is a torsor
under G[2]. The last assertion holds because 2ug(z) = ug(2z). This proves part (i).

For part (ii), let Yr be the constant group scheme and H = G X[2],G,u0 YR = Her Xy, a closed
subgroup scheme of G x Yr whose points are the pairs (g,y) with 29 = u(y). The homomor-
phism Yr — H, 2 — (uo(2),22), is a closed immersion, and translation by its image maps X,
isomorphically onto X, 2, by part (i). The morphism H— 1, X& sending (g Y), y =a+ 2d, to
(9 —uo(d),a) is invariant under Yz and restricts to the identity on [, Xa C #; hence it identifies
[I, Xa with the quotient H /YR, with the group law stated. Since 2(g,y) = (uo(y),2y) lies in
the image of Yg, the quotient is killed by 2; it is finite flat by part (i). Finally (g,a) — a is a
homomorphism onto (Y/2Y)g with kernel the open and closed subgroup Xy = G[2]. O

Lemma 3.9 (Comparison). With Ha as in Lemma 3.8, the field K(Hz) = K(H2(K)) is Galois
over K and

K(A[2]) € K(H2)(V2).

Proof K(Hsz) is Galois over K because Ha(K) is Gi-stable, Ha being defined over R. Let
= ) € AZI), s that 29 = ) = o) +1)(2) forsomey € ', and .y = g -v13)(V2)
Then 290 = uo(y), i-e. go € X, (K). Writing y = a + 2d, we have go — ug(d) € Xz(K) C H2(K)

(d )
and ug(d) € G(K), so go € G(K(Hz)). Since T is split over K, v(y)(v/2) € T(K(v/2)). Hence
g € G(K(H2)(V/2)), so x is fixed by G, K(Ha2)(v2)- As @ was arbitrary, K(A[2]) C KM2)(v2). O

Remark 3.10. The map [g] — [g — v(y)(v/2), y] in the proof is a bijection ARI(K) — Ha(K)
which is compatible with the group structures and with the action of G V2) for general o € Gk

it is equivariant only up to the 7[2]-valued cocycle v(y)(ov/2/v/2). In the language of Deligne
[Del74, §10], Hs is the 2-torsion of the 1-motive [Y =% G] over R and A[2] that of the 1-motive
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Y 56 k] over K; this is the simplest instance of Raynaud’s decomposition of the latter into an
integral 1-motive and a toric one [Ray94], cf. [Gun21, §2.2]. Nothing beyond Lemmas 3.6-3.9 is
used below.

Remark 3.11. For the Tate curve of Example 3.7, E,[2] = {+1,+,/q} C Q, /q% and Hy =
o LISpec Zs[x] /(2% — €), the 2-torsion of the “Tate curve with unit parameter” [Z — G,,, 1~ €.

The comparison lemma reads Q2(1/7) C Q2(v/€, v2). Here Qa(1/€)/Qo is unramified or has upper
ramification jump 1, in accordance with Fontaine’s bound, whereas Q2(1/2)/Qz has upper jump 2.

4. RAMIFICATION AND ROOT DISCRIMINANTS

Theorem 4.1 (Fontaine). Let K/Qsy be a finite unramified extension and H/Ok a finite flat

commutative group scheme killed by 2. Put F = K(H(K)). Then Gal(F/K)* =1 for u > 1.

This is [Fon85, Théoréme A], which for a finite flat group scheme killed by ™ over the ring
of integers of a local field of absolute ramification index e gives trivial action of G*) for v >
e(n+1/(l — 1)) in the shifted numbering; here e =n =1, I = 2, so the cutoff is v = 2, i.e. u = 1.
Fontaine’s theorem has no restriction on the residue characteristic; it is used at [ = 2 for instance
in [Sch05].

Proof of Theorem 1.2. Let K, Hy be as in Section 3, and put F = K(Hs), L' = F(v/2). Both are
Galois over K and K (A[2]) C L’ by Lemma 3.9. Upper numbering is compatible with quotients, so
for u > 1 Theorem 4.1 gives Gal(L'/K)* C Gal(L'/F), a group of order at most 2. The quadratic
extension K (\/ﬁ) /K has discriminant exponent 3, hence upper jump 2; so for u > 2 the group
Gal(L'/K)" maps trivially to both Gal(F/K) and Gal(K(v/2)/K), and since L' = F - K(1/2) it
is trivial. Passing to the quotient Gal(K (A[2])/K) preserves both assertions. Finally K/Q2 is
unramified, so the inertia groups, their upper numbering filtrations and the normalized different
of L/Qz and of LK/K coincide.
For the different, with e = |GY|,

e~ [ (1= da(i- ) 122

since the integrand is at most 1 — 1/e on (—1,1], at most 1/2 on (1,2], and zero beyond. The

Tate curve with parameter 2 has A[2] = {£1,4+2} C Q;/ZZ and L = Q2(v/2), with upper
jump 2. O

Remark 4.2. The bound 5/2 — 2/e is sharp for every e = 2/*1. Let K/Qy be unramified of
degree f and L = K(VK*), so that Gal(L/K) ~ K*/K*? ~ (Z/2)’*2 and e = 2/*!. The Tate
curves over K with parameters 2 and 4u, u € O, have 2-division fields K(v/2) and K (y/u), so
L = K(A[2]) for their product A, and L = Qz(Resk,q,A[2]). By local class field theory G* is
the image of UI((M) in K*/K*2; as UI(?) C K*2 and the squares of Uf((l) have index 2 in Ul(?),
one finds |G%| = 2/ for u < 1, |G¥ =2 for 1 < w < 2 and G* = 1 for u > 2, so that
UQ(@L/Qz) = 5/2 — 2/6.

Proposition 4.3. Let p be an odd prime and A/Q an abelian variety with semistable reduction
at 2 and at p and good reduction outside {2,p}. Fvery subfield E C Q(A[2]) satisfies

rd(E) < 2°/2\/p.
For p =3 one has [E : Q] < 20, and for p=>5 one has [E : Q] < 37.

Proof. Put L = Q(A[2]); it is unramified outside {2,p,c0}. By Grothendieck’s semistable reduc-
tion theorem [Gro72, Exp. IX, 3.5], inertia at p acts on T5(A) through its tame pro-2 quotient and
every inertia element o satisfies (o0 — 1)? = 0; on A[2] this gives 02 = 1. So the ramification at p
is tame of index at most 2 and contributes at most p'/? to rd(L), while Theorem 1.2 bounds the
contribution at 2 strictly by 2°/2. The root discriminant of a subfield is at most that of the field.

Odlyzko’s unconditional Table 2 [Od176] lists, in its totally complex column, lower bounds valid
for all fields of degree at least n of that signature; the bounds for other signatures are larger. Its
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entries at n = 21 and n = 38 are 10.010 and 12.737. Since v/96 < 9.798 and v/160 < 12.650, the
degree bounds follow. O

5. THE TWO-GROUP CRITERION

Lemma 5.1. Let p = 3 or 5 (mod 8). No quadratic field unramified outside {2,p, 00} is split
at 2.

Proof. The fields in question are Q(v/d) with d € {—1,42, £p, +2p}. An even squarefree d is not
a square in Qo, and an odd d is a square in Qg if and only if d =1 (mod 8); the odd entries are
—1=7and +p = 43,45 (mod 8). O

Lemma 5.2 (Full decomposition group at 2). Let S = {2,p} with p = 3,5 (mod 8), or S = {2}.
If L/Q is a finite Galois extension with 2-group Galois group, unramified outside S U {oo}, then
the decomposition group of L/Q at 2 is all of Gal(L/Q). Consequently, if M is a Gg-module on
which Gq acts through Gal(L/Q), every Gq,-stable subgroup of M is Gq-stable.

Proof. Let G = Gal(L/Q) and D C G a decomposition group at 2. If D # G, then D lies in
a maximal subgroup H of the 2-group G, which is normal of index 2, and L7 is a quadratic
field unramified outside S in which 2 splits, since D maps trivially to G/H. This contradicts
Lemma 5.1. O

Lemma 5.3 (Infinite level). Let S be as in Lemma 5.2, and let A/Q be an abelian variety with good
reduction outside S such that Gal(Q(A[2])/Q) is a 2-group. Then the image of Gq, in Aut(T>2(A))
equals the image of Gg. Consequently every Gq,-stable submodule of To(A) is Gq-stable, and Ggq
acts on it through the image of Gq,-

Proof. Let L, = Q(A[2"]). Each Gal(L,,/Q) is a 2-group, since its image in GLa,(Z/2") maps
onto a 2-group in GLyg(F2) with kernel a 2-group; and L,, is unramified outside S U{oco} by good
reduction. By Lemma 5.2, Gq, surjects onto Gal(L,,/Q) for every n. Hence the image of Gq, in
Gal(Lo/Q) = @Gal(Ln/Q), which is closed, is dense, so is everything. O

Lemma 5.4 (Abelian 2-extensions). Let p be an odd prime, m, = 2v2(P=1)  gnd F, the subfield of
Q(¢p) of degree my,. Every abelian pro-2 extension of Q unramified outside {2, p, 00} is contained
in M, = Q((a2=)F,. One has Gal(M,/Q) = Gal(M,/F,) x Gal(M,/Q((2=)) ~ Z5 x Z/m,, and
Gal(M,/F},) is the inertia group at 2, identified with Z5 by the cyclotomic character. The same
holds for {2, 00} with F,, replaced by Q and m, by 1.

Proof. By Kronecker—Weber the maximal abelian extension of Q unramified outside {2,p, oo} is
Q(Caxp), with group Z; x Z), whose maximal pro-2 quotient is Zy x Z/m,, with fixed field M,,.
The field F), is unramified at 2 and Q((2) is totally ramified at 2, so the inertia group at 2 of
M,/Q is Gal(M,/F,), on which x is an isomorphism onto ZJ'. O

Proof of Theorem 1.5. Let S = {2,p} or {2}, and let Vo(T) C Va(A) be the toric part of the
Raynaud uniformization of A over Q2 (Lemma 3.4). By Lemma 5.3 the subspace V2(T) is Gq-
stable and the representation

p1 G — Aut(V2(T))
has the same image as its restriction to Gq,. By Lemma 3.4(i) this image is abelian, and it is
pro-2, being a quotient of Gal(Ls/Q). As p7 is unramified outside S U {co}, Lemma 5.4 shows
that it factors through Gal(M,/Q) ~ Z; x Z/m,, (with m, =1 if S = {2}).

The factor ZJ is the inertia group at 2, and by Lemma 3.4(i) an inertia element o acts on V(7))
as the scalar x(0); so pr(a,1) = a for a € ZJ. Put M = py(1,~) for a generator v of Z/m,; then
M™» =1. Let ¢ ¢ S be a prime, so that A has good reduction at ¢, and let Frob, € Gal(M,/Q)
be the arithmetic Frobenius. Its image in ZJ is ¢, so

p7(Frob,) = q- M’ for some j,

whose eigenvalues all have complex absolute value g. But V2(7) is a Frob,-stable subspace of
Va(A), on which every eigenvalue of Frob, has absolute value /g by the Weil bound. Hence
Vo(T) =0, i.e. t =0, and A has good reduction at 2 by Lemma 3.4(ii). O
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Remark 5.5. The condition p = 3,5 (mod 8) is necessary. For p = £1 (mod 8) the field Q(1/p*)
is split at 2, and indeed the elliptic curves 14a (conductor 2 - 7, torsion Z/6), 34a (2 - 17, torsion
Z/6) and 46a (2 - 23, torsion Z/2) are semistable at 2 with a rational 2-torsion point [LMF26].
Conversely, for p € {3,19,29} no elliptic curve of conductor 2p* has a point of order 2 (there are
no curves of conductor 18, and those of conductors 54, 162, 486, 38, 58 have torsion of odd order),
in accordance with Theorem 1.3.

Remark 5.6. Under the hypotheses of Theorem 1.3 one can in fact show that A = 0 for every
p = 3,5 (mod 8). Since A has good reduction at 2, each A[2"] is a finite flat group scheme over Zo
with connected—étale sequence 0 — C,, — A[2"] — E,, — 0. The connected part C,, has 2-group
Galois image, so by Tate-Oort [TO70] (a connected group scheme of order 2 over Zy is ps2) and
induction it is filtered by copies of us, hence is of multiplicative type and X,, = Hom(C),, pon)
is unramified at 2. By Lemma 5.2, E, and X,, are Gq-modules; they are unramified outside
{p, 0} with 2-group image. A Galois 2-extension of Q unramified outside {p,o0} has a unique
quadratic subfield, namely Q(1/p¥), so its group has cyclic Frattini quotient and is cyclic; by
Kronecker—Weber the extension lies in F),. Hence Gq acts on E,, and X,, through Gal(F,/Q), of
exponent my,. For ¢ ¢ S this gives (Frob,"” —¢"7)(Frob,' —1) = 0 on A[2"] for all n, hence on
V2(A), contradicting the Weil bound. For the main theorem this is not needed, since for p € {3,5}
the vanishing of A follows from [BIC01].

Remark 5.7. Theorem 1.3 and its proof are an [ = p analogue of [BK01, Prop. 4.3], which
shows that a semistable abelian variety over Q with good reduction outside a single prime p and
nilpotent Gal(Q(A[2])/Q) must have p =1 (mod 4). Brumer and Kramer also pass from A[2] to
the pro-2 extension Q(A[2°°]) and use Kronecker—Weber to show that the decomposition group
at p is everything; the contradiction is then obtained from an isogeny which raises their “effective
stage of inertia” at p, where we instead use the Frobenius eigenvalues on the toric part at 2. In
the same spirit, [BK04, Thm. 1.1] shows that if A is semistable with bad reduction only at p and
Gal(Q(A[2])/Q(4)) is nilpotent, then the reduction of A at p is totally toric and p = 1 (mod 8);
the second conclusion gives another proof of the vanishing of A in the previous remark.

6. THE TWO-DIVISION FIELDS FOR p =3 AND p =5

In this section p € {3,5} and A/Q is a semistable abelian variety with good reduction outside
{2,p}. Let K be the set of Galois subfields of Q(A[2]). Each K € K is unramified outside {2, p, oo},
has tame ramification index at most 2 at p, and has 2-adic upper ramification groups trivial
above 2 (Theorem 1.2, and compatibility of upper numbering with quotients). By Proposition 4.3,
[K:Q] <20 for p=3and [K:Q] <37 for p=5.

Lemma 6.1. For every K € K the mazimal abelian subfield satisfies K* C Q(Cs,v/p). In
particular Gal(K/Q)?" is an elementary abelian 2-group of rank at most 3.

Proof. For an abelian extension, upper jumps < 2 at 2 means conductor exponent < 3 at 2, and
tameness at p means conductor exponent < 1 at p; so K2 C Q(¢sp) by Kronecker-Weber. Its
inertia group at p, a quotient of (Z/p)*, has order at most 2, so K2 lies in the fixed field of the
subgroup of order (p — 1)/2 of (Z/p)*, which is Q((s, /%) = Q((s,/p) for p = 3,5. This field
has Galois group (Z/2)3. O

Lemma 6.2 (Quadratic ray class groups). Let p € {3,5} and let F' be a quadratic field unramified
outside {2,p,00}. Then F has no non-trivial abelian extension of odd degree unramified outside
the primes above 2 and the infinite places.

Proof. For the 11 possible fields F' of discriminants
{-3,-4,5,8, 8,12, -20, 24, —24, 40, — 40},

one first checks that the class group in each case has order at most 2. To show that the ray class
groups of conductor 2¥co are also 2-groups, it suffices to note that (’);2 is a pro-2 group whenever

2 is ramified in F, which covers every case except for F' = Q(v/—3) and F = Q(+/5) where
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(Op/2)* = F}. In those two latter cases, the image of the global units (3 and ¢ = (1 + v/5)/2
each have order 3 modulo 2 and so the result follows from class field theory. O

Proposition 6.3. Every field in K is a 2-extension of Q. Hence Gal(Q(A[2])/Q) is a 2-group.

Proof. Suppose not, and let K € K be of minimal degree with G = Gal(K/Q) not a 2-group; K
is closed under passing to Galois subfields. Since |G| < 37 < 60, G is solvable.

The largest normal 2-subgroup Oz(G) is trivial: otherwise K©2(%) ¢ K has smaller degree,
so G/02(G) and then G would be 2-groups. Let M be a minimal non-trivial normal subgroup
of G; it is elementary abelian, M ~ F} with [ odd by the previous sentence. By minimality of K,
I'=G/M is a 2-group, and G = M x I by Schur-Zassenhaus. The action of I' on M is irreducible,
M being minimal normal, and faithful: the kernel of the action of a complement I' centralizes M
and is normal in I', hence is a normal 2-subgroup of G, hence trivial.

If T is non-abelian then |I'| > 8, and r > 2 because a faithful one-dimensional representation
would embed I' in F[*. Then |G| = I"|'| > 9-8 = 72 > 37, a contradiction. So I' is abelian.
The image of Fy[['] in End(M) is a commutative algebra which is a field by irreducibility, so T
embeds in the multiplicative group of a finite field and is cyclic. Being an abelian quotient of G,
it has exponent at most 2 by Lemma 6.1, and it is non-trivial since otherwise G = M would be an
abelian group of odd order, again contradicting Lemma 6.1. So I" ~ Z /2, and since its irreducible
representations over F; are one-dimensional, r = 1.

Thus F = KM is a quadratic field unramified outside {2,p}, and K/F is cyclic of odd prime
degree I. An inertia group of K/Q at a prime over p has order at most 2 and meets M trivially,
so K/F is unramified at the primes over p, hence unramified outside the primes over 2 and oo.
This contradicts Lemma 6.2. O

Proof of Theorem 1.1. By Proposition 6.3, Gal(Q(A[2])/Q) is a 2-group, and Theorem 1.3 applies
with p = 3 or p = 5 (both = 3,5 (mod 8)): A has good reduction at 2. Thus A is a semistable
abelian variety over Q with good reduction outside {p}, and A = 0 by Brumer—Kramer [BK01]. O
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