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NATE SAUDER

ABSTRACT. This paper introduces the basic results of Algebraic Number The-
ory. Accordingly, having established the existence of integral bases and the
result that ideals in Dedekind domains can be uniquely decomposed into prime
ideals, we then give the relation between ramification index, residue class de-
gree and the degree of the extension. Moreover, we also demonstrate the
connection between the decomposition group and the Galois groups of cer-
tain tower extensions. We then employ Minkowski’s bound to prove several
properties of algebraic number fields. Furthermore, we develop this theory
in the context of quadratic and cyclotomic extensions of Q in order to prove
quadratic reciprocity and to demonstrate the strong relationship between the
Cebotarev and Dirichlet prime density theorems. This paper assumes a back-
ground knowledge of Commutative Algebra and Galois theory.
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2 NATE SAUDER

1. RING OF INTEGERS

1.1. Factorization in the ring Z. The prime factorization theorem says
that every integer can be factored uniquely (up to sign) into a product of
prime numbers; i.e. for all z in Z, there exists p1,...,p, such that z =

+p1-... pp.
1.2. Ring of Integers definition.

Definition 1.1. An algebraic number field is a finite algebraic extension of

Q.

Definition 1.2. Let A be an integral domain, K be a field that contains
A and L be an extension of K. z € L is an integral element if and only if
there exist

An_1,...,a9 € A such that 2" + 12" . +ap=0
In an algebraic number field, integral elements are called algebraic integers.

We will see that the integral elements form the Ring of Integers and that
every element in the ring of integers can be decomposed into irreducible
elements (using the Noetherian Ring property). However, uniqueness cannot
always be insured. Instead, we will restrict our attention to the ideals of
the Ring of Integers and demonstrate that they can be decomposed uniquely
into prime ideals.

1.3. Integral Elements form a Ring. In order to show that the set of
integral elements do indeed form a ring, we first need the following lemma.

Proposition 1.3. x € K is integral over A if and only if there is a finitely
generated A-submodule of K such that tM C M

Proof. = If ™ + ap_12" ' 4+... 4 a9 =0 for a,_1,...,ap € A, then consider

the A-module
N =span(1,z,..., 2" 1)

an = 1 implies that ™ € N. Therefore, N is finitely generated and tN C N.
The others powers of x follow from induction.

< Conversely, let M = span(u1,...,u,) be a finitely generated module
over K. Furthermore, assume that M C M for some z € K. Then

TU; = ;UL F ... F Qipliy, Vi € (1, .. .,n)
This leads to the following linear equations:

(.%' — au)ul — a12ug — ... — A1plUnp = 0

—Ap1U1 = ... = Gp(p—1)Un—1 + (x — app)un =0
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Let B be the matrix formed by the coefficients of these linear equations.
Since B has a non-zero kernel, we conclude that det(B) = 0. This implies
that = satisfies an equation of the form

Bpx™ + Bz P+ .+ By =0

where the §; € A. This polynomial is monic since the permutation definition
of the determinant shows that degree n terms only occur when multiplying
[1bi;. Thus, B, =1 and z is an integral element. O

Proposition 1.4. If A is an integral domain, K a field that contains A and
L an extension of K, then the set

{xEL:Elan_l,...,agEA:x”+an_1x"_1+...+a0:0}
forms a ring.

Proof. Let x and y be integral elements and M and N be finitely generated
submodules of K such that M C M and yN C N. We verify that = -y
and = +y are also integral. We do so by considering the (finitely generated)
submodule M N formed by the span of all products of elements in M and
N. MN is closed under multiplication by = -y and x + y since xm € M and
yn € N for m € M and for n € N. O

1.4. Ring of Integers are Finitely Generated.

Lemma 1.5. Let K be a number field and o € K, then there exists an
integer multiple of « that is an algebraic integer.

Proof. By assumption, « satisfies an equation of the form

(1.6) sz‘@i =0 where b; €c Q and b, = 1

Let [ be the l.c.m of the b;. Then, multiplying (1.6) by I, we have that
(1.7) ™™ 4 by (" a4+ hel™ =0
Thus, [ - « is an integral element. ([l

2. TRACE AND NORM

Definition 2.1. Trace and Norm: Let A C B be rings such that B is a free
A-module of rank m and g € B. x + Bz defines a linear mapping on B as
a A-module. Then, Trp,4(5) is defined to be the trace of this mapping and
the Nmp, 4/ its determinant.

Lemma 2.2. Let L be a finite extension of K, let O, = B and let O = A.
Then, « € L is integral over A if and only if the coefficients of its minimal
polynomial over K belong to A.
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Proof. = Clear.
<= Let a be an integral element, f,(x) be the minimal polynomial for «,

and 8 be another root of f. Then, there is an isomorphism, o, from KJ«]
to K[f] since each is isomorphic to K[z|/(fa(x)). Furthermore, there exists
a; in A such that

A"+ an_ 10"+ 4+ap=0
Applying o to this polynomial, we have that

B+ an1B" T+ .+ Bo=0
Thus, B is integral and, by similar logic, all conjugates of « are integral.
But, the coefficients of the minimal polynomial are symmetric polynomials

of the roots and thus are also integral.
O

Corollary 2.3. Let K be an algebraic number field and o be an algebraic
integer. Then Tri(a) = >y ok(a) and Nmg (o) = [[—; ok(e) and so
Tri(a) and Nmg(«) are in Z.

Proof. Let vy, ..., v, be a basis for K over Q. If a-v; =) a;5v;, then Trg ()
is the trace of the matrix (a;;) and Nmg(«) the determinant. The equation
still holds under action by o € Gal(K/Q). Thus, we arrive at the set of
equations:

or(a) - op(v;) g azyo'k U]

These equations can be concatenated usmg the Kronecker delta function as

follows:
n
E (SikO'j( UJ ’Ul E CLZ]O'k ’U]
7j=1

If Ay = (0j(a) - i), S = (0j(vs)), and A = (aij), then S - Ay = A-S.
Therefore,

Tr(A) = Tr(4Ap) = Z ox(a)

det(A) = det AQ H O'k

But, the o;(«) are the conjugate roots of « and thus all algebraic integers
by Lemma 2.2.
O

Example 2.4. Computation of the Trace and Norm of elements in Cyclo-
tomic Fields:

Let K = Q[¢,] be the p!* cyclotomic field (p is prime), and let ij be a
primitive element. Then,

Try () = G+ Cd o+ =B(G) — 1= —1
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This is the coefficient of the 2P~! term as expected. Furthermore, by linear-
ity of the trace,

Trgj(l—¢M) =(p-1) - (-1)=p
From the relation p =[], (1 — ¢7), Nmy g1 — k) =p.

Proposition 2.5. If L is a finite separable extension of K, the trace pairing
is non-degenerate. In other words, if vi,...,v, is a basis for L over K, then
the determinant of the bilinear pairing (vi,v;) v Trpk(vivj) is non-zero.

Proof. Since the arguments in Corollary 2.3 generalize to any finite separable
extension L/K, we see that

TI‘(’UZ"U]‘) = Zak(vi)ok(vj) = SST
k

where S = (ojv;) as above. Since (v1,...,vy) is a basis and L is a separable
extension of K, S is non-singular and therefore Tr(v;v;) is also non-singular.
Thus, the trace pairing is non-degenerate.

O

3. INTEGRAL BASES

Theorem 3.1. Let K be a number field of degree n, then its ring of integers
Ok is a free Z-Module of rank n.

Proof. Let (ai,...,ay) be a basis for K over Q. By Lemma 1.5, we can
multiply (ai,...,a,) by an integer and arrive at a basis, (b1, ..., b,), for K
such that the b; are in O. We now construct a group homomorphism, ¢,
from K to Q™ and verify that restricted to O it forms an injection from
O K to Z".

d(v) == (Triygbr-7), -, Trrg(bn - 7))
¢ is injective since the trace pairing is non-degenerate by Proposition
2.5. Furthermore, if « is integral, Trg g(a) € Z by Corollary 2.3. ¢ :
Ok — Z" implies that O must have rank less than or equal to n since, by
the Fundamental Theorem of Abelian groups, an isomorphism between the
Z-modules Im(¢) C Z" and Ok is only possible if

rank(Og) = rank(Im(¢)) <n
But, (by,...,by,) are linearly independent. We conclude that O is of rank

n as Z-module. O

3.1. Integral Bases of Q[v/D] and Q[(].

Example 3.2. Integral Basis of Q[v/D]:

Let K = Q[vV/D] and take a = a + bv/D € K Since K is a quadratic field
extension, there is only one other conjugate: a — byv/D. Thus, Try (o) = 2a
and Nmg(a) = a? — b2D. Furthermore, Try(a) and Nmg(a) are in Z by
Corollary 2.3.
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If « is an algebraic integer, the trace being an integer dictates that 2a € Z
and similarly a? — b>D € Z dictates that 2b € Z since the denominator of a
is at most 2. Setting a = & and b = 2 where 21 and 29 € Z, the following

2 2
restriction holds:

2 2
ZI_Z2'D

4
We now investigate the three different possibilities of D mod (4).
Possibility 1: D = 2,3 mod 4.
2?2 = 22D mod 4 implies that either z; and 2o must be even. Thus,
(1,4/D) is an integral basis for Ox.
Possibility 2: D = 1 mod 4.
2?2 = 22D mod 4 implies that 21 and 25 are either both odd or both even.

So, a and b are either both integers or both fractions with denominator equal

to 2. Both choices are spanned by (1, 1+5/5 ). Therefore, (1, 1+;/5 ) is an

1+vD
2

€7

integral basis since is an algebraic integer.

Example 3.3. We find that Z[(,] is an integral basis for K = Q[(,] but to
show this we use the following two lemmas:

Lemma 3.4. (1 - (,)Ox NZ = pZ

Proof. Let ¢ = ¢, for simplicity of notation. p = Hj (1 —¢7) implies that
pZ C (1 — ()Ox NZ. Suppose this is a strict inclusion. Since pZ is a
maximal ideal in Z, we would have that (1 — ()Og NZ = Z. Therefore,
there would exist a in O such that « - (1 — ¢) = 1. This is a contradiction
since Nmg q(1 — () = p. O

Lemma 3.5. For every o € Ok, Tri/Q(a(1l —()) € pZ.
Proof.
Trr/Q(a(l = ¢)) = a1(((1 = ) + oa(a(l = () + ... + gp-1(a(l = ())
= o1(@)(1 =) + o2(a)(1 = ) + ... + op-1(a) (1~ ¢
For each j, we have that
1= =0+(+...+H1-Q)
and thus,
Trijga(l =¢)) € (1 =)0k
However, Trg /g(a(1 — ¢)) € Z by Corollary 2.3 and so

TTK/Q(a(l —-()e(1-00xgkNZ =pZ

Proposition 3.6. Z[(,] is the ring of integers in Q[(p).
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Proof. Given «a in O,
=0+ b ¢+ ...+ b, _2¢P"2 for some b; € Q
Then,
a(l1—=¢)=bo(1 =)+ b1 (1 —=C*)+...+bpo(CP?— (P
Example 2.4 implies that T7x g(a(1 — ¢)) = pby but

Tricjp(a(l =) € pZ

by Lemma 3.5 and thus by € Z. Multiplying by the integral element (P~ !,
we arrive at

(—bo)CP ™ =by+ ...+ by_oCP?
Repeating the argument, we find that by € Z and so by,...,b,—2 € Z by
induction. O

4. FACTORIZATION INTO PRIME IDEALS IN DEDEKIND DOMAINS

Definition 4.1. An integral domain is a discrete valuation ring if it is
Noetherian, integrally closed, and has exactly one non-zero prime ideal.

Definition 4.2. An integral domain is called a Dedekind domain if it is
Noetherian, integrally closed and every non-zero prime ideal is maximal.

The first definition appears to be a “localization” of the second — indeed,
it is clear that a local ring is a Dedekind domain if and only if it is a discrete
valuation ring. The localization connection extends further but first we need
the following result.

Proposition 4.3. If B is a Dedekind domain, then S™'B is also a Dedekind
domain.

Proof. All Prime ideals are Maximal: Under the correspondence between
prime ideals in B such that p NS = () and prime ideals in S™'B, p; C ps in
S~1B implies that p; C po in B. Therefore, if there are non-maximal prime
ideals in S™!'B, then there are non-maximal prime ideals in B. Thus,

Krull Dimension of B is 1 = Krull Dimension of S™'B is 1

The proofs of the facts that

B is Noetherian =—> S~ !B is Noetherian

and
B is integrally closed = S™!B is integrally closed

are omitted. O
Proposition 4.4. Localization Connection: A Noetherian integral domain,

B, is a Dedekind domain if and only if By is a discrete valuation ring for
every non-zero prime ideal in B.
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Proof. = B, is a local ring and Proposition 4.3 implies that it is a discrete
valuation ring.

<= Given z, an element in the field of fractions of B that is integral over
B, consider the ideal

a:={yeB : y-z€ B}

We will show that this ideal is the whole ring and thus contains the identity.
For every non-zero prime ideal of B, x € B, since B, is integrally closed.
Thus, there exists s in B — p such that z - s € B. Each s belongs to a
and thus a is not contained in any prime ideal. This implies that a = B.
Therefore, 1 € a and so x is integral. It remains to show that every-nonzero
prime ideal of B is maximal. Suppose not. Consider p € m in B. Under
the correspondence between prime ideals in B and the prime ideals in By,
pm C my. But, By is a discrete valuation ring and so we have arrived at a
contradiction. O

Proposition 4.5. Every ideal in a Dedekind domain can be factored uniquely
(up to units) into a product of prime ideals.

The proof of this proposition will rely primarily on the Chinese Remainder
Theorem and the fact that By is a discrete valuation ring. However, we need
a couple of lemmas first.

Lemma 4.6. Let R be a Noetherian ring. Then, each ideal b in R contains
a product of prime ideals.

Proof. Consider the set of all ideals not containing a product of prime ideals.
Since R is Noetherian, this set has a maximal element, say b. Clearly, b is not
prime. Therefore, there exist x,y € R such that z-y € b but x,y ¢ b. Then,
b+ () and b + (y) both strictly contain b but their product is contained
in b. Since b + (z) and b + (y) contain a product of prime ideals, it follows
that b does as well. O

Lemma 4.7. Let R be a commutative ring. Then, if a and b are relatively
prime ideals of R, then a™ and b™ are also relatively prime for all n,m € N.

Proof. If a” and b® are not relatively prime, a"+b° # 1. Therefore, a"+b° is
contained in a prime ideal m. But, a” C m and b° C m imply that a C m
and b C m since m is prime — a contradiction of a and b being relatively
prime. U

Lemma 4.8. Let p be a maximal ideal in a ring A and let q be the corre-
sponding ideal in Ay. Then, the map ¢ : A/p™ — Ap/q" :a+p" — a+q"
18 an isomorphism.

Proof. Injectivity: Let S = A —p. S™1p™ = g™ and so

¢ injective «—= p" = (S p")NA
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If a = g belongs to (S~'p™) N A, then a-s =0 in A/p™. Since p is the only
maximal ideal containing p”, A/p™ is a local ring. Thus,

s+p" &p/p" = s+ p" is a unit

So, a-s = 01in A/p™. This implies that a belongs to p". Therefore, ¢ is
injective.
Surjectivity: Let ¢ € Ap. Since p is maximal

sgp = (s)+p=1
This means that (s) and p™ are relatively prime and so
FbeArep’:bs+r=1

Therefore ¢(b) = s~1 in Ap/q™ and so ¢(ab) = <.
O

We are now prepared to prove that Dedekind domains have unique prime
factorizations.

Proof. Existence: Let A be a Dedekind domain. By Lemma 4.6, a non-zero
ideal a contains a product of prime ideals, say ¢ = [[p;’. We now consider
A/c. By Chinese Remainder Therorem,

Afe =2 Afpt x ... x A/pie
Furthermore, by Lemma 4.8,
A/pt < ox Afprr = Ay Jayt X Lo x Ay, /ay, where q; = pi Ay,
Since each of the Ap, is a discrete valuation ring,
a/e = qit/ay XX g /ay s <

This is also the image of pj*---pf». Thus, a = pi*---ps» in A/c. But,
pit---ps» and a both contain ¢. These results and the correspondence be-
tween ideals of A that contain ¢ and ideals of A/c imply that a and p3* - - - p5»
are equal.

Uniqueness: Let p;"' ...p, " = a = p7* ---pS» — common primes may be
assumed by adding in zero-powers. Since, as a discrete valuation ring, Ay, is

principal ideal domain and has only one non-zero prime ideal, we have that
6 = ady, = q;'

which implies that r; = s;, Vi € (1,..,n). O

4.1. Corollaries of Dedekind Prime Factorization Theorem.

Corollary 4.9. Let a C b be ideals in a Dedekind domain A. Then, there
exists f in A such that b =a+ (f).
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Proof. Let a = pi'-...-pi» and b = pj'-...-p>» be the prime decompositions
for a and b respectively. Since a is contained in b, the s; must be less than
or equal to the r;. Now, Vi € (1,...,n), choose z; such that x; € p;* but
x; ¢ pfiH. Then, Chinese Remainder Theorem implies that there exists f
in A such that
f = x; mod p;’

It follows from localizing at each p and checking the ideals generated that
(f) +a=b. 0

Corollary 4.10. Let a be an ideal in a Dedekind domain A, then if a € a
then 3f € A such that a = (a, f).

Proof. Immediate conclusion of Corollary 4.9 by taking (a) C a. O

Proposition 4.11. Let a C A where a is an ideal inside a Dedekind domain
A. Then, for every prime ideal p € spec(A), there exists g in A such that
gmod p # 0 and aAy, the image of a in the localization of A at 1,9,6% ...
s principal.
Proof. Since Ay is a discrete valuation ring, a - A is principal and thus,

T

(4.12) a Ay = (3)

for some ™ € a and f € A — p. Furthermore, Corollary 4.10 implies that
a = (m,¢) for some ¢ € a. From 4.12, we have that

(4.13) ms_ 9 for some s€ Aandte€ A—p

i1
Since p is prime, ft mod p # 0. We claim that
a- Ay = (%), where Ay is the localization of A at {1, ft, (ft)%,...}

Since a = (7, ¢), it is sufficient to show that
T ¢ 7r)
11 \ft
The first inclusion is clear and the second is true since
TS ¢
(

ﬁ)(I) =7 bydl

e (

5. DISCRIMINANT

Definition 5.1. Discriminant: Let K and L be fields such that L is a finite
extension of K. The map from L x L — K given by (a,b) + Trp i (ab)
is a symmetric bilinear form on L considered as a K-vector space. The
discriminant of L over K, Disc(L/K), is the determinant of this form for a
given integral basis.
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The definition can be further generalized. Let A C B be rings and let
B be a free A-module of rank n, then Disc(fy, ..., 8n) = det(TrB/A(ﬁiBj))
where (B1, ..., ) are elements of B.

Example 5.2. Discriminant of Quadratic Fields.
Case m = 2,3 mod 4:

Disc(Q[v/m]/Q) = Disc(1,v/m) = det [\/F _{ﬂ X [ _% ' ] — 4m

Case m =1 mod 4:

. L L ym Liym  1ym] | L/mog
Disc(Q[v/m]/Q) = Disc(1, 2\/>) = det [ % % } X [ 1+§/E L=
Thus, if D = Disc(Q[y/m]/Q), the integral basis for Q[v/m] is (1, %).

Example 5.3. Discriminant of Prime Cyclotomic Fields: From Proposition
6, (1,¢p,--- ,C]I;_Q) is an integral basis for Q[(,]. Then,

1 ¢ ... P2

1 CQ . CQ(P—Q)
Disc(QlG,)/Q) = Disc((1,Gp,.. (5 7%)) = det(CCT) = det(C)*, O = |, 7 "

i Cp L C}gpfl')(pﬂ)

Let ¢ = ;. The Vandermonde determinant formula implies that

Disc((1,¢,...,¢"7 ) =[] (G —¢)? where G = 04(¢)

1<i<i<(p—1)
.
(r=1)(p—2)
=02 I - )
i=1 i#j
- <p D(p=2) pCP~ J
H )

(=1 (p=2) _ H Cpfj
= (=1 2 —n)P 1—
() o e
1
= ()
:(_ )(p Dp= 2)pp 2 g

P

= (—1)%1]07’_2, since p is odd

5.1. Ramification definition.

Definition 5.4. Let L be an extension of K, p be a prime ideal in O and
p=4q7 ... q5 be its prime decomposition, then we say that:
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pissplitife; =1,Vie (1,...,n);
p is inert if p remains prime in L

p is ramified if e; > 2 for some j € (1,...,n)

Theorem 5.5. Let L be a finite extension of a number field K and let A
be a Dedekind Domain with K as its field of fractions. Furthermore, let B

be the integral closure of A and assume further that B is a free A-module.
Then, a prime ideal p C A ramifies in B if and only if p divides Disc(B/A).

5.2. Ramification lemmas. The theorem will be a natural conclusion of
the following lemmas.

Lemma 5.6. Let A be a ring, « an ideal of A, and M an A-module. Then
M/aM = (A/a) @4 M.

Proof. We have the exact sequence:
0—-a—-A—A/a—0
Tensoring with M gives another exact sequence:
a®@aM—M—Ala®s M —0

The image of @ ® 4 M in M are sums of elements of the form a; - m; where
a; € a and m; € M. This implies that M/aM = A/a®4 M. O

Lemma 5.7. Let A be a ring and let B D A be an A-algebra of finite rank
with basis (e1, ...,en) as an A-module. Then, for any ideal a C A, (€1, ...,€p)
is a basis for the A/a-module B/aB.

Proof. The map (ai,....,an) — Y ;i—; aje; defines an isomorphism from A"
to B. By tensoring with A/a,

n
(a_1, ey a’n) — Z a;€;
=1

defines an isomorphism from (A/a)” to B/aB. Therefore, (é1,...,6,) is a
basis for the A/a-module B/aB. O

From the definitions, it is also clear that Disc(eq, ..., e,) mod a = Disc(e, ...

Lemma 5.8. Let A be a ring and let By, ..., By, be rings that contain A and
are free of finite rank over A. Then, Disc(([[;~, Bi)/A) = [[;2, Disc(B;/A).

Proof. Let (e;1, ..., €in) be a basis for the B;, then taking U;(e;1, ..., €in) gives
a basis for []!"_; B;. The result then follows by block determinant rule. O

Lemma 5.9. Let k be a perfect field and B be free k-algebra of finite rank.
Then the radical of B is 0 < Disc(B/k) # 0.
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Proof. <= Let b # 0 € B be nilpotent. Then, choose a basis (e, ..., e,) for
B/k such that e; = b. The maps

T — be;x
are linear and therefore can be described by matrices A;. Furthermore,
b is nilpotent = each map is nilpotent = A; are nilpotent
Therefore,
Tr(4;) =0 = Tr(eie;) =0,5 € (1,...,n) = det(Tr(e;,e;)) =0
since the rows must be linearly dependent.

= Let p be a prime ideal of B. B/p is an integral domain and algebraic
over k. B/p is also field. We show this by proving that map

k[B] — k[B] : & + Bz

is an isomorphism. Since 3 is non-zero in B/p, the map is linear and injective
(injectivity follows from B/p being an integral domain). Since B/p is a finite-
dimensional k-vector space, the map is also surjective. Therefore, 5 has an
inverse.
If p1, ..., pn are prime ideals of B, then they are also maximal. This implies
that each pair is relatively prime. Furthermore,
n n
[B:k] > [B/ipi: k] = [[[B/pi: Kl =) [B/pi: k] >n
i=1 i=1
Since [B : k] is finite, it follows that there are finitely many prime ideals,
say pi,...,pg. Taking g = n results in B = [[; B/p;. Each B/p; is a
finite extension. Each is also separable since k is perfect. L is a finite and
separable extension of K while implies that L = KJa] for some primitive

element . Then, (1,q,...,a" ') forms a basis for L over K. Furthermore,
Disc(1,a,...,a" 1) = H () — oz(j))2 # 0
i#j

where a;) are the conjugates of a. The conjugates are all distinct since L
is a separable extension. Therefore,

n

Disc(B/k) = Disc((] [ B/pi)/k) = [ [(Disc((B/p:)/k) # 0
1=1

=1

Theorem 5.5 follows directly from these lemmas:
Proof. Disc(B/A) mod p = Disc((B/pB)/(A/p)). But,
B/pB=B/[[a =[] B/a}

for some prime ideals q; € B. Thus,

rad(B/pB) =0 <= rad(B/q;") =0, i€ (1,.,n) <= s1=...=s, =1



14 NATE SAUDER

Since
Disc((B/pB)/(a/p)) =0 <= p divides the Disc(B/A)
it follows that
p ramifies <= p divides Disc(B/A)
]

Example 5.10. We do the simple verification of the ramification result for
the Gaussian Integers. First, Z[i] is a PID and Disc(Q[i]/Q) = 4 by 3.2. We
therefore expect that only 2 ramifies.

Case p =3 (mod 4):

p remains inert. Since if af = p, then Nm(a) = p but there are no
solutions to a? + b? = p if p =3 (mod 4).

Case p=1 (mod 4):

p splits in Z[i] <= X2+ 1 reduces in F,, <= F* contains an element
of order 4 <= 4 |p— 1. Thus, p splits if and only if p =1 (mod 4).

Case p = 2.

= i(1 — i)?. Therefore, it is the only prime to ramify as the theorem

predicts.

5.3. Irreducible polynomials factoring method.

Proposition 5.11. Let L be a finite separable extension of K, A = Ok be a
Dedekind domain and B be the ring of integers for L. Suppose that B = Ala]
and let f(x) be the minimal polynomial for . Ifp is a prime ideal in Ok and
[Tgi(x)¢ = f(x) (mod p) is the decomposition into irreducible polynomials

modulo p, then
0B = [[(p.9:(c))"
is the decomposition of pB into prime ideals. Furthermore,
B/(p, gi(a))” = (A/p)[z]/7i(x)
and thus the residue class degree f; is equal to the degree of the polynomial
Gi-
Proof. By assumption, the mapping x — « defines an isomorphism between
A/f(z)= B
and dividing out by p we arrive at:
(5.12) (A/p)[z]/ [ [ 9i(=) = B/pB

By Chinese Remainder theorem, 5.12 becomes:

(A/p)[z]/ ] (@) x ... x (A/p)[a]/ | [ Gn(z)" = B/pB

Therefore, the ring (A/p)[x]/[] gi(x)¢ has maximal ideals g;. In addition,
[1g:¢ = 0 but [] g # 0 for any e; < e;. Finally, (p,gi(a)) are the only
prime ideals that contain pB. Thus,

[T . gi())® =pB



NOTES ON INTRODUCTORY ALGEBRAIC NUMBER THEORY 15

is the prime decomposition of pB for some d;.

pB O [] (b, gi(a))"
but
pB 2 [ (b, 0:(0)% V ¢ < e

Thus, d; =¢; Vie (1,...,n).
O

Example 5.13. Totally Ramified primes in cyclotomic fields:

Let K = Q[(,] and let p be a prime in Z. We find the prime decomposition
of pZ[(p]. Employing the previous proposition, we divide both sides of the
isomorphism

(5.14) Z[z]/®lx] = Ok
by p. 5.14 becomes:

Fplz]/®(x) = Ok /pOxk
But,
-1 (z—-1)P

)=+, +1= — = =@

Thus, the decomposition is
POk = (p,(1— )P
5.4. Ramification Index Theorem.

Lemma 5.15. Let L be a finite extension of K, B be the ring of integers
for L, and A be the ring of integers for K. Furthermore, let A be a Dedekind
domain and p be a prime ideal in A. Then, B/pB = B, /pB,.

Proof. The map B/pB — By, /pB, is injective since pB, N B = pB.
Surjectivity: Let 2 (a € B,c € A—p) be a representative for an arbitrary
residue class in By /pB,. From the injection
A/p — B/pB
we have that ¢! exists in B/pB. Thus, the element ac™! is well-defined in
B/pB and the map is surjective. O

Proposition 5.16. Let m be the degree of L over K and q1,...,q4 be the
primes ideals dividing p. Then, Y ¢  eif; = [B/pB : A/p] = m. If L is
also Galois over K, then all the ramification numbers are equal and all the
residue class degrees are equal and thus m = efg.

Proof. First,

g g
B/pB=B/[[a =[] B/qs
=1 =1



16 NATE SAUDER

by Chinese Remainder Theorem. Therefore, to prove that Zgzl efi =
[B/pB : A/p], it is sufficient to show that [B/q* : A/p] = e;f;. To show
this, we consider the chain of B/q;-modules

B>q¢DqlD...0qf

m+1

Since no ideals reside between g;* and q;""", g™+ /g™ has degree one as a

B/g;-module. We can also see this fact by noting the isomorphisms
B/q = By/qq, where qq = q- By
q" /a2 ()™ /()™ 2 By/ag

Furthermore, q;"/ q;niH has degree f; as a A/p module. Taking the chain
all together, i.e. e;-times, we find that [B/q;' : A/p] = e f;.

To prove that [B/pB : A/p] = m, we first show the result in the case
where B is free A-module and then reduce the general case to the free case
by localization at p.

If B is a free A-module, there is an isomorphism

(5.17) A™ - B
When tensored with A/p, 5.17 gives a new isomorphism
(A/p)™ = B/pB

and so [B/pB : A/p] = m.

If B is not a free A-module, then we can localize at p and thereby get the
rings By and Ay. Ay is a Dedekind domain and, since p - A, is principal, it
is a discrete valuation ring. Therefore, we have that A, is a PID. Since B,
is the integral closure of Ay, by the PID case already considered, we have
that [B,/pByB : Ay /pAy] = m.

If L/K is a Galois extension, then Gal(L/K) acts on B. In particular,
o(q) is also a prime ideal in B. If q divides p, then o(q) also divides p since
p is in the fixed field of o. This implies that

e(q/p) = e(o(a)/p)
f(a/p) = f(o(a)/p)

Thus, it only remains to show that Gal(L/K) acts transitively on the primes
sitting above any given p in A, i.e. Vq;,q; Jo : o(qi) = q;.

Suppose there exist prime ideals q and ¢ in L such that for all o in
Gal(L/K), o(q) is not equal to q’. Then, by Chinese Remainder theorem,
there exists 8 € B such that 8 belongs to g’ but 8 does not belong to o(q)
for all o in Gal(L/K). Then, taking the norm of 5 we arrive at

Nmp g (B8) = H a(B)
Thus, the Nm(3) belongs to q'N A which implies that Nm(5) € p. However,
Nm(B) ep = Nm(B) €q
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which is a contradiction of the primality of q since o(8) ¢ q Vo € Gal(L/K).
U

6. FRACTIONAL IDEALS, IDEAL CLASS GROUP, DECOMPOSITION GROUP,
GALOIS GROUPS OF TOWER EXTENSIONS, FROBENIUS ELEMENT

Definition 6.1. Let A be a Dedekind domain and K be its field of fractions.
Then a fractional ideal a is a A-submodule of K for which there exists d in
K such that da C A, i.e. elements with a common denominator. If a C A,
then a is an integral i¢deal. Furthermore, it is clear that a single element,
b, in K defines a fractional ideal (b). These are called principal fractional
ideals.

Proposition 6.2. Let A be a Dedekind domain. Then, Id(A), the set of
fractional ideals forms a group. Indeed, it is a free abelian group on the set
of prime ideals of A.

Proof. The group operation is defined to be composition. It is clear from the
algebraic structure on A and K that composition on Id(A) is commutative
and associative. Furthermore, the identity of Id(A) is A itself.

We must also ensure that there is a compositional inverse for a. Taking

d € A such that da is integral, we have that da = p{* - ... - pS» since A is a
Dedekind domain. Choose a € da, then

(@) =p" Py, s> e
Thus, if a* 1= pj' "' - ... - psn~n then daa* = (a) and so d lala* is an

inverse for a.
Moreover, Id(A) is free on the prime ideals of A. As above,

da=p{ .. -po

for some prime ideals py, ..., p,. But, (d) has a prime decomposition as well
(&) =pf ... -pl

and thus a is uniquely defined by its decomposition

a= pil_fl o pin*fn
[l

Definition 6.3. We define the ideal class group of A to be the group
Id(A)/P(A) where Id(A) is the group of fractional ideals and P(A) the
subgroup of principal fractional ideals. The class number of A is defined to
be the order of the ideal class group should the group be finite.

Definition 6.4. Decomposition Group: Let L/K be a Galois extension, let
B be the ring of integers for L, let A be the ring of integers for K and let g
be a prime in B sitting above p in A. Then, the decomposition group of q,
Dy, is define to be:

Dy:={0 e Gal(L/K):0(q) =q}
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The size of the orbit for each q is g, where g is the number of primes g;
lying above p, and thus, by the orbit stabilizer theorem, we have that
g9 =Gal(L/K) : D] = |Gal(L/K)|/|D]|
which implies that
Dl =n/g=ef
by the Fundamental theorem of Galois theory.

o maps B isomorphically to itself, i.e. o(B) = B. Therefore, if o € Dy,
we have an induced mapping

o a:D— Gal((B/q)(A/p))

The inertial group is the subgroup of D such that its image under o is the
identity on B/q, i.e. Ip = (0 € D|og = Id). We will see that this map is
surjective but to do so we need a lemma.

Lemma 6.5. Let KD be the fized field of D, let AP be its ring of integers,
and let pP = qN AP, i.e we have the following diagram:

L B P B
K——A

If ppB = q° (only one prime factor since o(q) = q) and if f' = [B/q :
Ap/ppl, then ¢ = e and ' = f. Furthermore,

Alp = Ap/pp
Proof. First, by the fundamental theorem of Galois theory and the ramifi-
cation index theorem
¢ f'=[L; Kp] = |D|
The orbit stabilizer theorem implies that |D| = ef and thus
ef=¢f

Since A/p C Ap/pp C B/q, we have that f’ < f. Furthermore, ¢’ < e since

pAp C pp = pp divides pAp = ppB divides pB
Finally,

f<f,d<e andef =ef = e=¢ and f=f

Thus, [B/q: A/p| = [B/q: Ap/pp]. Since A/p is a subfield of Ap/pp,
we have that

A/p = Ap/yp
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O

Proposition 6.6. Let L/K be a Galois extension, A be the ring of integers
for K and let B be the ring of integers for L. If (B/q)/(A/p)) is separable,
then the map o — & from Dq to Gal((B/q)/(A/p)) is surjective with kernel
Iy Thus, Gal((B/q)/(A/p)) = Dq/lq.

Proof. Let T be a primitive element of ((B/q)/(A/p)), and let = be a rep-
resentative with minimal polynomial F'(z) = 2™ + ...+ a1z1 + ap over Kp
with coefficients a; in Ap. The roots of f(x) are o(z) (¢ € D). Since
D = Gal(L/Kp), the roots of f(x) are o(x) where o belongs to D. If we
reduce f(x) modulo q, we obtain a polynomial

"+ ... +ado

with coefficients in A/p. Since Z is a primitive element of ((B/q)/(A/p)),
we can take the minimal monic polynomial ¢(z). This divides ¢(z) reduced
modulo q and thus all its roots are images of the roots of ¢(z), i.e roots of
F(z) are (Z). Furthermore, since

ceDy = o(q) =q

all the conjugates of  belong to ((B/q)/(A/p)) which means that ((B/q)/(A/p))
is Galois.

Since every conjugate of Z can be written as 6(Z), every automorphism
in Gal((B/q)/(A/p)) is of the form o and thus

D/Iy = Gal((B/a)/(A/p))
O

Corollary 6.7. p does not ramify if and only if the Iy is trivial for all q
lying above p.

Proof. By fundamental theorem of Galois theory, Gal((B/q)/(A/p)) = f.
Furthermore,

Dl =ef = |L=¢
Thus, if p is unramified, /4] = 1. O
Definition 6.8. Frobenius Conjugacy Class: Let K be a number field, let
L/K a finite Galois extension and let p be a prime ideal in A that does not
ramify in B. Then, for each q lying above p, Gal((B/q)/(A/p)) is cyclic since

A/p is a finite field. Furthermore, r*!-power map is the canonical generator
where r = |A/p|, i.e. r =p if A =7. Then, since

Dq = Gal((B/a)/(A/p))
, there is a pre-image of this generator in Dy called F'roby. Thus,
Froby(r) = 2" mod qVx € B

Employing the following proposition, we arrive at the Frobenius Conjugacy
Class.
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Proposition 6.9. Let q and q' = o(q) be primes lying above p. Then,
Froby = aFroqu*1
Proof.
Frobg(c™(z)) = (67 =) = (67 1) (2)? mod q

The result follows from taking the action of o on both sides. (|
Remark 6.10. It is clear that the D(o(q)) are all equal and the I(o(q)) are
all equal when Gal(L/K) is abelian since the o act transitively on the primes
above p. Thus, if Gal(L/K) is abelian, D(o(q)) depends only on p and the

Frobenius conjugacy class consists of a single element called the Frobenius
element.

6.1. Definition of Norm of Ideal.

Definition 6.11. Let A be a Dedekind domain with field of fractions K and
let B be the integral closure of A in L where L is an algebraic extension of
K. For a principal ideal (7) in B, we define the norm of this ideal, N'(8;),
to be p/i where f; = [B/%; : A/p]. The definition for the norm of a general
ideal follows from prime factorization of ideals in Dedekind domains.

6.2. Equivalence with Index Norm. Let b be an ideal in the ring of
integers of a number field K. Then, we define the index norm of b to be
N(b) = [(Or/b)| = (Ok : b).

There is an immediate relation between the norm of ideals and the index
norm.

Proposition 6.12. For any ideal b C Of, Ny g(b) = (N(b)).

Proof. Since B is a Dedekind domain, b = []¢}*. Then, N'(b) = [] (p:)"/:
where p; = q; N Z and f; = [B/q; : Fp,]. On the other hand,

Ok /b= ] Ox/a}'
by Chinese Remainder Theorem. So, [Of : b] = [[[Ok : ¢;"]. But,
O o] = 1
where (p;) = g; N Z since each quotient in the chain
B> B/q;...C B/q;

is a Fp, vector space of dimension f;. Taking the product, (O : b) =
IT (pi)7i/s. O

We check to see that the norm on elements agrees with the norm on ideals.
Let p = (m)B be a prime ideal in B, then

N((m) - B) = (HN(%?) = (m)=dt = (@) = (Nm(m))
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If K is also a number field, there is an alternative proof using the index
norm. Consider 7 - B and let {v;} be a Z-basis for B. Then, {7v;} is also a
Z-basis and mv; = ), a;jv; for some a;5. So,

|0k /1Ok| = det(a;j) = Nm(m)

7. MINKOWSKI’'S BOUND

We will state without proof the theorem and then examine a few of its
consequences.

Theorem 7.1. Let K be a degree n extension of Q. Then, in every equiva-
lence class of the ideal class group of K, there is an integral ideal represen-
tative, a, such that

N(a) <

2y Dise(x/Q) 2

n

where s is the number of complexr embeddings of K.
7.1. Finiteness of Ideal Class Number.

Proposition 7.2. Let K be a finite algebraic extension of Q, then CI(K)
is finite.

Proof. Given the Minkowski bound, it suffices to show that, for every pos-
itive integer, M there are only finitely many integral ideals with norm less
than M. Let b be an ideal in O, then b = [], ¢;"" and N(b) = [[, p; i
Therefore, if N'(b) < M, there are a finite number of r; and p; possible.
This implies that there are a finite number of g; possible since only a finite
number of g; lie above a given prime. Thus, there are a finite number of
integral ideals with norm is less than M. ([

7.2. Existence of Unramified extensions of Q.

Proposition 7.3. Let K be an extension of Q. Then, at least one prime
ideal in Q ramifies in Ok.

Proof. Every coset in the ideal class group must have at least one inte-
gral ideal representative and that element will have index norm > 1. The
Minkowski bound implies that

T N m, /2
2y s 2 (L
Gy
Let a, = r.h.s. Then, az > 1 and “** > 1. Therefore, |Disc(K/Q)| > 1
which implies that there exists a prlme that divides Disc(K/Q). Thus, at
least one prime ramifies in O U

|Disc(K/Q)|7 >

nn
n!
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8. CYCLOTOMIC EXTENSIONS AND QUADRATIC RECIPROCITY

Theorem 8.1. If Q[(,] is the nth cyclotomic field, then Gal(Q[¢,]/Q) =
Z/nZ.

Proof. Every automorphism in Gal(Q[(,]/Q) is determined by its action on
Cn. Therefore, each automorphism is of the form o, : (;, — (7 for some
a € (Z/nZ)* such that (a,n) = 1. The map ¢ : a — 0, is a homomorphism
since

(0a0b)(Cn) = Ua(gg) = (CZ)a = Cgb = 0ab(Gn)
This map is injective since each automorphism is uniquely determined by
its action on ¢, and it is surjective since |Gal(Q[(,]/Q)|=o(n). O

Remark 8.2. The isomorphism Gal(Q[(,]/Q) = Z/nZ is canonical. Let ¢,
and ¢ be two different n' roots of unity. Furthermore, consider o, : ¢, —
¢y and 1, : (' — (2™ — the two possible images of a — in Gal(Q[¢,]/Q).
Then,
7a(Gn') = G = 7a(G)

Since automorphisms in Gal(Q[¢,]/Q) are uniquely determined by their ac-
tion on a primitive root, o, = 7,. Therefore, the automorphism between
Gal(Q[¢,]/Q) and Z/nZ is independent of the choice of primitive root of
unity and so it is a canonical isomorphism.

Remark 8.3. Compatibility of the Isomorphism:

If n divides N, define m; from Gal(Q[(n]/Q) to Gal(Q[¢,]/Q) to be

m 0%+ 0% where a=a mod n
and define 79 from (Z/NZ)* to (Z/nZ)* to be the natural reduction modulo
n map:
T .G G

Furthermore, let ¢,, and ¢ be defined as in previous theorem. Then, the

following diagram commutes:

Gal(@le)/Q) — 2 — z/vz)"
T 2
Gal(QG.)/Q) —2— (z /)
" Therefore, the isomorphism is com-
patible.

We will show later that for any odd prime, p, Q[\/Ep] C Q[(p] (positive
sign if p = 1 mod(4) and negative if p = 3 mod(4)). However, we now
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develop a strong relation between the Galois groups of subfields of cyclotomic
extensions and finite abelian groups:

Proposition 8.4. Fvery finite abelian group appears as the Galois group of
a subfield of a cyclotomic extension.

Proof. Let G be a finite abelian group. By the fundamental stucture theorem
of abelian groups, G = Z,, X ... X Zy, . By Dirichlet’s theorem, for every m
€ Z there exists an infinite number of primes such that p =1 mod m (also
can be shown using cyclotomic extensions). Thus, we can choose py, ...p, all
distinct such that p; =1 mod n,. If n =pq -... - p,, then

(Z/nZ)* = (Z/;mZ)* % ... x (Z|pnZ)* 2 Z)(p1 — 1)Z x ... X L) (pp — 1)Z
pizl  Then, Zyp,—1/H; is cyclic of

ng

Let H; be a subgroup of Z,,_1 of order
order n;. Thus,
(Z/nZ)*J(Hy x ... x Hy,) =G
By the fundamental theorem of Galois theory, the fixed field of G will be a
subfield of Q[(,]. O

Proposition 8.5. If K be a cyclotomic extension of Q. Then, the Frobenius
conjucacy class for a prime, p, is a single element. In fact, Frob, = oy, :
Cn = Gh-

Proof. Since Gal(Q[¢,]/Q) is abelian, the Frobenius conjugacy class is a
single element. Furthermore, if p is a prime that does not divide n, then
the image of p under the isomorphism of Theorem 8.1 is ¢}, which maps ¢,
to ¢h. Since p is unramified, Theorem 6.6 implies that the decomposition
group is isomorphic to Gal((Z[¢,]/q)/(Fp)) where q is a prime lying above
p. Thus, we have the isomorphism

(8.6) Dy = Gal((Z[¢n]/a)/ (Fp))

®(z) is separable over F, since ®(z) = nz"~! and p does not divide n.

Thus, the roots of unity remain distinct modulo q, i.e. {; # a Thus, there
is exists an injection Gal((Z[(,]/q)/(Fp)) < (Z/nZ)* Combining with 8.6,
we have that

D, = Gal(Z[¢a)/a)/(F,)) = (Z/nZ)*
Since the pre-image of p € (Z/nZ)* in Gal((Z[¢,]/q)/(Fp)) is the Frobenius
automorphism and the preimage in D), is 0, we have that o, = Frob,. [

8.1. Quadratic fields contained in Cyclotomic fields.

Proposition 8.7. Every quadratic field is contained in a cyclotomic field. In
fact, Q[/m) is contained in the D™ cyclotomic field, where D = Disc(Q[y/m]).

Proof. Case: m is an odd prime '
From Example 5.3, Disc(Q[¢y]) = (—1)P~D/2pP=2. But, Disc(Q[(,])=(det(c:(¢}))?

and so ‘
|oi(G)| = pP=/2 . /Ep
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Since all the ¢;({}) are just permutations of the cyclotomic roots, /£p €
Q[¢p]. This implies that Q[\/Ep] C Q[(p]. Also, if Q[¢;] D Q[,/p], then
Q[¢ar] D Q[v/—p] since Q[4r] contains the fourth roots of unity.

Case: m = 2

It is easily checked that v/2 = el™/4 4 (Tim/4 — (g 4 Cg 1 and therefore
Q[v2] C Q[¢s]-

Case: m = p1 - ... p, For each p;, we take the cyclotomic field which
contains Q[,/p] and then take the smallest cyclotomic field, say Q[(y,], that
contains all these cyclotomic fields.

Furthermore, we can show that Q[(p], where D = Disc(Q[\/m]/Q), is the
smallest cyclotomic field.

If m =1 mod 4, then \/m € Q[(y] since Q[ = [[Q[¢p,] and since the
v/—p; (when p; =3 mod 4) become positive in pairs.

If m = 2,3 mod 4, then /m € Q[(y] but v—m ¢ Q[(y] since it is
necessary to to generate the fourth root of unity in order to balance the
signs. Thus, the smallest cyclotomic field is Q[(p]. O

Remark 8.8. The converse also holds: Given an odd prime q and its as-
sociated cyclotomic field K = Q[(,], Q[v/¢*] is the unique quadratic field
contained in K where ¢* = (—1)(¢=1/2¢,

Proof. Since Gal(K/Q) is cyclic of order ¢ — 1, it has a unique subgroup of
index 2. Thus, the quadratic field contained in K must be unique.

Furthermore, v/D does not belong to Q since D =Disc(K/Q) = (—1)a—1/2¢9-2,
VD belongs to K since vD =[] (¢ — ¢;j) by Lemma 5.3. Furthermore,

QD] = Q[\/¢*]
O
Definition 8.9. Legendre Symbol: Let p be an odd prime and a an integer,

then
1 if a=m?modp, meZandm#0

(9) := ¢ —1 if a is not a quadratic residue modulo p
0 if a =0 mod p

8.2. Proof of Quadratic Reciprocity.

Proposition 8.10. Quadratic reciprocity: p is a quadratic residue modulo q

if and only if q is a quadratic residue modulo p. More succinctly, (%) = (%)

Proof. Let K = Q[y/¢*] and L = Q[({,]. From above,
QCcKcL

By 8.8, K is the unique quadratic subfield of L. Furthermore, let F'rob, i be
the Frobenius automorphism on Gal(K/Q) and let F'rob, 1, be the Frobenius
automorphism on Gal(L/Q). By reduction on residue fields,

Froby 1|k = Frobg k
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Given an integer prime, p splits if and only if p is a quadratic residue of ¢*.
Furthermore, if p splits, then the decomposition group is trivial and F'roby i
is the identity. If, however, p is inert, then e = 1 and f = 2. Therefore,
the decomposition group is non-trivial. Since Gal(K/Q) can be identified
as the multiplicative group {—1,1}, we have that

p is not a quadratic residue modulo ¢ <= p is inert == Frob, x = —1
Thus,
q*
Froby gk = (—)
! p

On the other hand, Froby 1|k = Froby k implies that Froby g = Id if
and only if Frobg r belongs to the unique index 2 subgroup of Gal(L/Q).
However, this is equivalent to F'robg ; being a square. From Frobgr(x) =
2P mod ¢, we have that

Frobgp is a square <= (2) =1

q

Therefore,
Froby xk = (2)
q

Thus, we have that

9. CEBOTAREV PRIME DENSITY THEOREM

9.1. Definition of Natural Density.

Definition 9.1. Let K be an algebraic number field and S be a set of prime
ideals in K. The natural density of S, §(S), is defined to be:

_ oy P ESN(p) < nj
008) = B = M) <]

provided the limit exists.
9.2. Statement of Cebotarev Prime Density Theorem.

Theorem 9.2. Let L be a finite Galois extension of K, an algebraic number
field, G be its Galois group, and C be a conjugacy class of G. Then, the
density of the primes such that o, € C exists and is equal to |C|/|G|.

Remark 9.3. Proofs of Cebotarev Prime Density Theorem: While most
modern expositions rely upon class field theory to prove this result ([3]),
Cebotarev himself arrived at the result by reducing to cyclotomic exten-
sions. See ([5]) for a complete and rigorous exposition.
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9.3. Dirichlet implies Cebotarev in Q[\/m]. If K = Q[\/m], then Gal(K/Q) =
Z,/27. Since the group is abelian, then each element has only a single con-
jugate. Thus, Cebotarev’s theorem implies that the primes that split and
those that remain inert each have density equal to 1/2. However, this result

can also achieved directly from Dirichlet’s density theorem.

Proof. A prime p € Z remains prime in O if and only if m is not a square
modulo p. Thus, it is equivalent to show that the primes such that m is a
square modulo p has density 1/2 since only finitely many primes ramify.
Case 1: m is a prime and m = 1 mod 4.
Let m = ¢q. Then, from quadratic reciprocity 8.10,
p q
(q) (p)
for each p. Furthermore, ¢(q)/2 residues are squares modulo ¢ and the
density of primes for each residue is 1/¢(q). Therefore, the density of primes
p such that (£) =1is

1
e,
olg) 2
Case 2: m is a prime and m = 3 mod 4.
Let m = ¢. This case cannot be handled as simply as the first since

quadratic reciprocity implies that

& = —(%) if p = 3 mod 4

q
p q, .
“)=(=)if p=1mod4
=G
Thus,
(E) =1 <= pmod 4q € 1x{squares in (Z/qZ)* } U 3x{non-squares in (Z/qZ)*}
q

But, the right hand side is contained in
(Z/4Z)* x (Z/qT)" = Z)(AqZ)
The first case implies that the primes such that
p mod 4q € 1 x {squares in Z/qZ}

have density equal to 1/2. The case where p = 3 mod 4 follows similarly.
Thus, (%) =1 for half the residue classes in Z/(4qZ).

Case 4: m is an arbitrary natural number. Let m = ¢q1 - ... g, be the
prime decomposition of m. We consider each of the equivalence classes
modulo ¢ - ... gp—1 independently. Since

m g1 ---"Adn—-1,9n
(=) =T >)
p p p

the (%) are constant on each equivalence class. Furthermore, let R be
the primes congruent to r mod q;-...-¢,—1. Then, the subset of R congruent
to some s mod g, must have density 1/¢(gy) in R. Thus, the primes p in
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R such that () = 1 have density 1/2 in R. However, this holds for every
equivalence class since the choice of a was arbitrary. Thus, the primes p in
Z such that (') =1 have density 1/2. O

9.4. Cebotarev’s Prime Density Theorem is equivalent to Dirich-
let’s on QI[(,).

Theorem 9.4. Dirichlet’s Theorem: Let m be a positive integer. Then,
for each a in Z such that (a,m) = 1, the set of prime numbers such that
p = a mod m has density equal to 1/¢(m).

Theorem 9.5. Cebotarev’s Prime Density Theorem is equivalent to Dirich-
let’s for cyclotomic extensions of Q.

Proof. Let K be equal to Q and L be a cyclotomic extension of K. Then,
if q lies above p # 0 mod m, Proposition 8.5 implies that

Froby = p mod m
So, for an arbitrary automorphism o : G, — (2,
04 = Froby <= p=amodm

Assuming Cebotarev’s Prime density theorem, the set S, := {p € Z : p =
a mod m} corresponds to the set S|,—,, from Cebotarev’s theorem. So,

0(Sa) = |Cl/|G| = 1/¢(m)

and Cebotarev = Dirichlet.

We can easily reverse the order of the argument to obtain the oppo-
site direction. Since 0(S|,=0,) = (S,), Dirichlet’s theorem implies that
6(S)o=0,) = 1/¢(m) = |C|/|G| and so Dirichlet = Cebotarev.

Thus, Dirichlet’s Prime Density Theorem is equivalent to Cebotarev’s for
cyclotomic extensions of Q. ([l
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