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Abrstract:  Since Georg Cantor proposed the Continuum Hypothesis in 1877, there has been much debate about the plausibility of the Continuum Hypothesis. With the results of Kurt Gödel in 1940 and Paul Cohen in 1963, Hilbert’s 1st problem was proved independent of the axioms of Zermelo-Fraenkel Set Theory. Therefore, the proof or negation of the Continuum Hypothesis, if proof or negation is desired, must be supplied by an additional axiom. Such an axiom must be intuitively true and consistent with the axioms of Zermelo-Fraenkel Set Theory. Herein I contend that Freiling’s Axiom of Symmetry, which is equivalent to the negation of the Continuum Hypothesis, is not the desired axiom.

Naïve and Zermelo-Fraenkel Set Theories

The Naïve definition of sets as well-defined collections of objects rapidly proves inconsistent under formal treatment. As Bertrand Russell discovered in 1901, for the set x = {y: y is not in y}, x is in x iff x is not in x. This result, known as Russell’s Paradox, was a motivating force for the development of axiomatic set theories.

Today, the Zermelo-Fraenkel axioms constitute the standard axiomatization of set theory. They are as follows:

Extensionality:  Two sets are the same if they have the same elements.

 Regularity:  Every non-empty set S contains a member x disjoint from S (as a set).

Separation:  If S is a set and Ф(x) a formula in the language of set theory, then there is a subset S’ of S containing exactly those elements x of S for which Ф(x) holds.

Pairing:  If S and T are sets then there is a set containing S and T.

Union:  If S is a set, there exists a set T containing every element of all elements of S.

Infinity:  There is a set S, of which the empty set is an element, such that for all x in S, the union of x and {x} is also in S.

Power Set:  If S is a set, there is a set T containing every subset of S.

In addition to these axioms, the Axiom of Choice is often assumed, stated here:

If A is a collection of non-empty sets then there is a set S containing exactly one element from each element of A. 

The Well-Ordering Principle is widely known to be equivalent to the Axiom of Choice:

Every set S can be well-ordered.
With the Axiom of Choice included, Zermelo-Fraenkel Set Theory is commonly abbreviated ZFC, and this practice will be adopted here. By Gödel’s second incompleteness theorem, the consistency of ZFC cannot be proved within the framework of ZFC. Nevertheless, it is commonly accepted that ZFC is consistent, as no inconsistencies have arisen. Thus, it is desirable to prove statements resulting from the axioms of ZFC.

Cardinal Numbers and the Continuum Hypothesis

We define ω0 := ω. For an ordinal α > 0 we let  ωα := min{ordinals γ: card(γ) > card(β) for all β < α}. We define אα := card(ωα). A set S has the same cardinality as the least ordinal by which it can be well ordered. Note that because the ordinals are well-ordered, cardinality is well-defined. 

Theorem (Cantor):  Every (infinite) cardinal number is equal to אα for some ordinal α.

Proof:  Indeed, every set S can be well-ordered by some minimal ordinal β. Let S be infinite. If β = ωα for some α then we are done. Suppose not. Then for some ordinal α, ωα < β < ωα+1 => card(S) = card(β) = card(ωα) = אα by definition. Since this is true for all infinite sets S, we are done.Q.E.D.
In practice, the cardinality of a set S may be thought of as the equivalence class under the relation of bijections between sets to which S belongs. For small cardinalities at least, this conceptualization is not problematic.  

Theorem (Cantor):  card() < card((0,1))

Proof (Cantor):  Assigin to each number in (0,1) its unique decimal representation, say ai = .ai1ai2ai3... for all i in (0,1).  Place these ai in a countable column beginning with a1. Let b = .a11a22a33....  Then b is in (0,1), but is not in the countable column.  Therefore, for any bijective function from real numbers to natural numbers, there is a real number not in the domain, and card() < card((0,1)).Q.E.D.

This is the famous “diagonalization” proof of the uncountability of the reals.
  Commonly, א0  denotes card(N) and c denotes card((0,1)). It was proved by Cantor that c = 2א0.
The Continuum Hypothesis, proposed by Cantor in 1877, says the following:  

There does not exist a set S such that א0 < card(S) < c.  

The proof or disproof of the Continuum Hypothesis was the first problem posed by David Hilbert at the International Congress of Mathematicians in 1901. Though Cantor at one time believed that he possessed a proof of his hypothesis, this was proved impossible (within ZFC) by Gödel and Cohen. Thus, the search for a new axiom that would confirm or negate the Continuum Hypothesis began. 

The Continuum Hypothesis follows from Gödel’s Axiom of Constructibility, but this axiom is widely believed to be too restrictive and probably false. Conversely, the Continuum Hypothesis implies Martin’s Axiom, and under Zermelo-Fraenkel Set Theory the Generalized Continuum Hypothesis
 implies the Axiom of Choice. This of course is very weak evidence, if evidence at all, for the Continuum Hypothesis. The mathematical community is still split over the issue.

Freiling’s Axiom of Symmetry
Chris Freiling proposed in 1986 an axiom that is equivalent to the negation of the Continuum Hypothesis:  his Axiom of Symmetry. This, he believed, would settle the debate. Freiling’s Axiom of Symmetry is as follows:

Let A be the set of all functions from (0,1) to countable subsets of (0,1). Then for all f in A, there exist x and y in (0,1) such that x is not in f(y) and y is not in f(x).

That this statement is equivalent to the negation of the Continuum Hypothesis was first proved by Sierpiński. I have not encountered this proof, and instead offer my own:

Theorem:  Under ZFC, Freiling’s Axiom of Symmetry is true iff the Continuum Hypothesis is false.

Proof:  (=>) Suppose the Continuum Hypothesis is true. Then card((0,1)) = א1. Write (0,1) = {rα : α < ω1} and let f(rα) = {rβ: β ≤ α}. Then f is in A (as defined in Freiling’s Axiom)  and for β ≤ α, rβ is in f(rα), for β > α, rα is in f(rβ). Furthermore, f(rα) is countable for all α (since α < ω1) => Freiling’s Axiom of Symmetry is false.

(<=) Suppose the Continuum Hypothesis is false. Then א0 < א1 < c. Let f be in A (as defined in Freiling’s Axiom). Let B be a subset of  (0,1) of cardinality א1. Then card(Uf(B))≤ א1 < c => card((0,1)\Uf(B)) = c. Let C be a subset of (0,1)\Uf(B) of cardinality א0. Then card(Uf(C)) = א0 => card(B\Uf(C)) = א1. Let D = B\Uf(C). Then Uf(D) is contained in Uf(B) => C∩Uf(D) is empty, so C and D are nonempty sets such that C∩Uf(D) and D∩Uf(C) are empty. This affirms Freiling’s Axiom of Symmetry.Q.E.D. 

Freiling’s Case

The intuition behind Freiling’s Axiom is as follows:  If we fix a random real number x, and assign to x a countable set of real numbers f(x) by some rule f, and then choose a second real number y at random, the probability that y will lie in f(x) is 0. This is because the set f(x) has Lebesgue measure zero. Therefore, we may reasonably predict that y is not in f(x). Since this is true for all x, Freiling infers that we may make our prediction before fixing x. That is, Freiling proposes that with probability 1, if we choose x and then choose y at random, y will not lie in f(x).
 Furthermore, the order of x and y should not matter, so with probability 1, Freiling proposes, x will also not lie in f(y). Freiling proposes that since this situation should occur with probability 1 (although this “probability” is really an intuition), we may infer that we can at least find one pair {x,y} for any f with x not in f(y) and y not in f(x). This seems at first to be a reasonable proposition, and is at very least more intuitive than the Continuum Hypothesis. In fact, at least for the nonexpert (and possibly for the expert) there is very little intuition about the Continuum Hypothesis at all. This, of course, is nowhere near a proof that the Continuum Hypothesis is false. 

Nevertheless, Freiling believes that his axiom is derived from intuitive philosophical principles. Namely:

· We may choose reals at random.

· A random real will predictably not be contained in a fixed Lebesgue measure zero set.

· If an accurate prediction can always be made after a preliminary event occurs (i.e. the first random real number x is chosen) and no matter what the outcome of the event (for any x) the prediction is the same (i.e. that a second random real will not lie in a countable set assigned to x), then the prediction is accurate if made before the first event.

· The order that random real numbers are chosen should not effect the outcome of Freiling’s experiment. This is the “symmetry” component of Freiling’s Axiom.

Again, these seem to be reasonable propositions, and intuition suggests that they are true. 

The Case Against Freiling’s Axiom

Since the probability experiment that Freiling proposes deals with non-Lebesgue measurable events, Freiling’s “probability 1” outcome is already not well-defined under formal treatment. That is, we can not determine from Lebesgue measure the probability that a random number will land in a set that has not yet been defined, as Freiling proposes to do. This, of course, is beside the observation that Freiling’s “random” real is itself not well-defined or understood. Nevertheless, his axiom at least seems true; I must admit that after some initial reflection I had convinced myself that Freiling’s Axiom of Symmetry is true. When choosing between ZFC with the Continuum Hypothesis and ZFC with Freiling’s axiom, the latter is more desirable because Freiling’s axiom is easier to grasp and is more intuitive than the Continuum Hypothesis. The weakness in Freiling’s intuition only reveals itself in the proof that the Continuum Hypothesis implies the negation of Freiling’s axiom. That under the Continuum Hypothesis we may conceive of a specific function that negates the Axiom of Symmetry is a strong indication that the intuition of the axiom may be flawed (as intuition so commonly is).
 Indeed, the negation of Freiling’s Axiom of Symmetry is no more counterintuitive than that of a space-filling curve or a nowhere differentiable, everywhere continuous function, but these objects are known to exist. It is clear then that intuition for a concept is alone not enough to secure the belief of an objective critic. The Continuum Hypothesis provides powerful evidence against Freiling’s intuition, so that an objective mathematician cannot presently decide to believe Freiling’s axiom without having already decided to negate the Continuum Hypothesis. If one considers only the Continuum Hypothesis and Freiling’s Axiom of Symmetry in the context of ZFC, then, it is clear that a reasonable conclusion about Freiling’s axiom must be based in an initial conclusion about the Continuum Hypothesis, and not the other way around, because the intuition behind Freiling’s axiom is weaker than that required for a true axiom.
 That slight revisions of the Axiom of Symmetry contradict the Axiom of Choice need not be considered; from the prior arguments it is plain that Freiling’s axiom can be no indication of the truth factor of the Continuum Hypothesis. This is not to say that the Continuum Hypothesis is true, but rather that we cannot decide its truth value from Freiling’s Axiom of Symmetry alone. 
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� Another paradox of Naïve Set Theory is of interest.  The Burali-Forti Paradox:  Let κ be the set of all ordinal numbers.  Since the ordinals are well-ordered by inclusion, κ is an ordinal. κ + 1 is also an ordinal.  It follows that κ < κ + 1 ≤ κ, which is a contradiction.


� Note that (0,1)~().


� This states that for any infinite cardinal m, m directly precedes 2m in the ordering of cardinal numbers. 


� This is not mathematically rigorous because this is no longer a Lebesgue measurable event. Rather, this is Freiling’s intuition.


� The construction in the stated proof is consistent with the initial Lebesgue measurable event. If we choose a real number x at random, the probability that a second random real y will lie in f(x) is indeed zero. The trouble is that for distinct y and x, x is in f(y) iff y is not in f(x). Therefore, it is Freiling’s intuition about the symmetry of his experiment that must immediately be taken suspect.


� Similarly, the statement that every subset of (0,1) is Lebesgue measurable (call this claim LM) implies the negation of the Axiom of Choice (AC), and is consistent with ZFC +  ⌐AC. Here, we may choose ZFC + LM + ⌐AC or ZFC + ⌐LM. Because the intuition for LM is far too weak, and because AC is backed by strong intuition and provides evidence against LM, the mathematical community has discard ZFC + LM + ⌐AC in favor  of ZFC + ⌐LM. This is the appropriate result when the intuition behind a claim (such as LM or Freiling’s Axiom of Symmetry) is negated by evidence from opposing statements (such as AC or the Continuum Hypothesis). 





