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1 Differential Topology

1.1 Background

Definition 1.1 Smooth Map a map between two subsets of Rn, f : X → Y ,
is smooth if every order partial derivative exists and is continuous

Definition 1.2 Diffeomorphism Given two subsets of Rn, X and Y, a map
f : X → Y is a diffeomorphism if its inverse exists and they are both smooth.
By definition f must be one to one and onto. If such a function exists, X and
Y are said to be diffeomorphic. Topology is the study of properties invariant
under diffeomorphisms and thus two diffeomorphic objects can be thought of as
equivalent.

Definition 1.3 Manifold a manifold X of dimension m, is a subset of some
Euclidean space such that for every x ∈ X, there exists an open neighborhood
of x, V, that is diffeomorphic to an open set U ∈ Rm

Definition 1.4 Sub Manifold a sub manifold X of another manifold Y is a
subset of Y such that X is also a manifold.

Definition 1.5 Complementary Dimension Two sub manifolds X and Z
inside Y have complementary dimension if dim X + dim Z = dim Y. Also the
codimension of X (denoted codim(x)) = dim Y - dim Z.

Definition 1.6 Parameterization a parameterization of a point x in an m-
dimensional manifold X, is a diffeomorphic map φ : U ⊂ Rm → V ⊂ X, where
V is an open neighborhood of x, and U is an open set in Rm.

Definition 1.7 Coordinate System the inverse function of a parameteriza-
tion

1.2 Derivatives and Tangents

Definition 1.8 Tangent Space given a point x in an m-dimensional manifold
X and a local parameterization of x φ : U ⊂ Rm → X, the tangent space of X
at x, denoted Tx(X), is the image of dφx(Rm)
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Definition 1.9 Derivative the derivative of a map of manifolds f : X → Y
is a map of their tangent spaces. Specifically, for x ∈ X, Tx(X), y ∈ Y = f(x),
Ty(Y ), the derivative is a map dfx : Tx(X) → Ty(Y ). Its construction is built
from commutative squares of manifold maps
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dfx is then constructed as dfx = dψ ◦ dh ◦ dφ−1 dfx really is a matrix linear
transformation of vectors that are parallel to vectors tangent to X at x, to
vectors that parallel to vectors tangent to Y at y
A lot of the concepts in Differential Topology arise from studying how tangent
spaces are preserved under the derivative map.

1.3 The Inverse Function Theorem

Definition 1.10 Local Diffeomorphism If a map f : X → Y carries a
neighborhood of a point x ∈ X to a point y = f(x) ∈ Y diffeomorphically, then
f is said to be a local diffeomorphism at x

Theorem 1.11 Inverse Function Theorem Suppose that f : X → Y is a smooth
map whose derivative dfx at the point x is an isomorphism. Then f is a local
diffeomorphism at x.

Remark 1.12 From this we can construct an alternative definition of a diffeo-
morphic function as one whose derivative at every point in the domain is an
isomorphism

Remark 1.13 Since dfx is a matrix linear transformation from Tx(X) to Ty(Y ),
in order for it to be isomorphic the matrix dfx must be left and right invertible
and therefore must be a nonsingular square matrix

1.4 Immersions and Submersions

Suppose X and Y are diffeomorphic matrices. From Remark 1.13, dfx must be
a square matrix and therefore dim X = dim Y. In cases where dim X 6= dim
Y, we cannot have a diffeomorphism but we can still have either surjectivity or
injectivity.

Definition 1.14 Immersion Map a map f : X → Y , where dim X ≤ dim
Y, is said to be an immersion at x if dfx : Tx(X)→ Ty(Y ) is injective
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Definition 1.15 Canonical Immersion Map the standard inclusion map of
Rm into Rn for m ≤ n, which maps the point (a1, ..., am) ∈ Rm to the point
(a1, ..., am, 0, ..., 0) ∈ Rn

Definition 1.16 Submersion Map a map f : X → Y , dim X ≥ dim Y, is
said to be a submersion map if dfx is surjective for all x.

Definition 1.17 Canonical Submersion Map the standard projection map
of Rm into Rn for m ≥ n, Which maps a point (a1, ..., am) ∈ Rm to the point
(a1, ..., an) ∈ Rn

Theorem 1.18 Local Submersion Theorem Suppose that f : X → Y is a sub-
mersion at x. X and Y have dimensions m and n respectively with m ≥ n and
y = f(x). Also y=f(x). Then there exists local coordinates around x and y such
that f(x1, ..., xm) = (x1, ..., xn). That is, f is locally equivalent to the canonical
submersion near x.

1.5 Regular Values and Sard’s Theorem

Definition 1.19 Regular Value for a smooth map of manifolds f : X → Y ,
a point y ∈ Y is called a regular value for f if dfx : Tx(X)→ Ty(Y ) is surjective
at every point x such that f(x) = y. Put another way, y is a regular value of f
if f is a submersion at every point in f−1(y).

Theorem 1.20 Preimage Theorem If y is a regular value of f : X → Y , then

the preimage f−1(y) is a sub manifold of X, with dim f−1(y) =dim X - dim Y.

Theorem 1.21 Sard’s Theorem If f : X → Y is any smooth map of manifolds,
then almost every point in Y is a regular value of f. More concretely, the set of
points for which this is false has measure zero

Corollary 1.22 Brouwer Corollary The regular values of any smooth map f :
X → Y are dense in Y

1.6 Transversality

Definition 1.23 Transversal Transversality is a property describing how two
spaces intersect. It can be thought of as the opposite of tangentiality. More rig-
orously, at the geometric intersection of two transversal objects, their combined
tangent spaces sum to the tangent space of the space they are embedded in.
Formally, a sub manifold X ⊂ Y is said to be transversal to a sub manifold
Z ⊂ Y at a point x ∈ X ∩ Z if:

Tx(X) + Tx(Z) = Tx(Y )

X and Z are said to be transversal, if this property holds for all points in their
intersection.
Also a map f : X → Y is said to be transversal to a sub manifold Z ⊂ Y at a
point z ∈ f(X) ∩ Z if for all points x ∈ f−1(z):

Image(dfx) + Tz(Z) = Tz(Y )
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Theorem 1.24 If the smooth map of manifolds f : X → Y is transversal to
a sub manifold Z ⊂ Y , then the preimage f−1(Z) is a sub manifold of X.
Moreover, the codimension of f−1(Z) in X equals the codimension of Z in Y.

Theorem 1.25 The intersection of two transversal sub manifolds of Y is again
a sub manifold. Moreover, codim(X ∩ Z) = codim(X) + codim(Y )

1.7 Homotopy and Stability

Definition 1.26 Homotopic Informally, two smooth maps are homotopic if
they can be smoothly deformed into one another through intermediate maps.
Exactly, two smooth maps f0, f1 : X → Y are considered homotopic if there
exists a smooth map F : X×I → Y , where I = [0, 1] ∈ R, such that F (x, 0) = f0
and F (x, 1) = f1. ft is considered the family of homotopic maps defined by
ft(x) = F (x, t)

Definition 1.27 Stable Properties a property of a map f0 : X → Y is
considered stable if there is an ε > 0 such that for every 0 < t < ε, ft has that
property, where ft represents the family of homotopic maps

1.8 Manifolds with Boundary

Definition 1.28 Manifold with Boundary a subset X of Rn is a k−dimensional
manifold with boundary if every point of X possesses a neighborhood diffeomor-
phic to an open set in the half space Hk.

Remark 1.29 the set of all manifolds with boundary is not a subset of the set
of manifolds, it is a super-set.

1.9 One-Manifolds and Some Consequences

Theorem 1.30 Classification of One-Manifolds Every compact, connected, one-
dimensional manifold with boundary is diffeomorphic to [0, 1] or S1.

Corollary 1.31 The boundary of any compact one-dimensional manifold with
boundary consists of an even number of points

1.10 Transversality Part Two

Theorem 1.32 Transversality Theorem Suppose that F : X × S → Y is a
smooth map of manifolds, where only X has boundary, and let Z be any bound-
aryless sub manifold of Y. If both F and ∂F are transversal to Z, then for almost
every s ∈ S, both fs and ∂fs are transversal to Z

Theorem 1.33 Epsilon Neighborhood Theorem For a compact boundaryless

manifold Y in RM and a positive number ε, let Y ε be the open set of points in
RM with distance less than ε from Y. If ε is sufficiently small, then each point
w ∈ Y ε possesses a unique closest point in Y, denoted π(w). Moreover, the
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map π : Y ε → Y is a submersion. When Y is not compact, there still exists a
submersion π : Y ε → Y that is the identity on Y, but now ε must be allowed to
be a smooth positive function on Y, and Y ε is defined as {w ∈ RM : ‖w− y‖ <
ε(y) for some y ∈ Y }

Corollary 1.34 Let f : X → Y be a smooth map, Y being boundaryless. Then
there is an open ball S in some Euclidean space and a smooth map F : X×S → Y
such that F (x, 0) = f(x) and for any fixed x ∈ X the map s → F (x, s) is a
submersion S → Y . In particular, both F and ∂F are submersions

Theorem 1.35 Transversality Homotopy Theorem For any smooth map f :
X → Y and any boundaryless sub manifold Z of the boundaryless manifold Y,
there exists a smooth map g : X → Y homotopic to f such that g and ∂g are
transversal to Z. In other words, any map f may be homotopically deformed by
an arbitrarily small amount into a map that is transversal to Z.

Theorem 1.36 Extension Theorem Suppose that Z is a closed sub manifold
of Y, both boundaryless, and C is a closed subset of X. Let f : X → Y be a
smooth map with f transversal to Z on C, and ∂f transversal to Z on C ∩ ∂X.
Then there exists a smooth map g : X → Y homotopic to f, such that g and ∂g
are transversal to Z and on a neighborhood of C we have g = f .

Corollary 1.37 If, for f : X → Y , the boundary map ∂f : ∂X → Y is
transversal to Z, then there exists a map g : X → Y homotopic to f such that
∂g = ∂f and g is transversal to Z. Put another way: Suppose that h : ∂X → Y
is a map transversal to Z. Then if h extends to any map of the whole manifold
X → Y , it extends to a map that is transversal to Z on all of X.

1.11 Intersection Theory Mod 2

Definition 1.38 Mod Two Intersection Number I2(f, z) for a map f :
X → Y transversal to a closed sub manifold Z of Y, and a point z ∈ Z, is equal
to the number of points in the preimage of Z mod 2. Or I2(f, z) = #f−1(z)
mod 2

Remark 1.39 If f is not transversal to Z, then we slightly alter it slightly until
it is. The mod two intersection number of f is defined to be the mod two
intersection number of this new homotopic map.

Theorem 1.40 If f0, f1 : X → Y are homotopic and both transversal to Z,
then I2(f0, Z) = I2(f1, Z)

Corollary 1.41 If g0, g1 : X → Y are arbitrary homotopoic maps, then we
have I2(g0, Z) = I2(g1, Z)

Theorem 1.42 Boundary Theorem Suppose that X is the boundary of some
compact manifold W and g : X → Y is a smooth map. If g may be extended to
all of W, then I2(g, Z) = 0 for any closed sub manifold Z in Y of complementary
dimension
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Theorem 1.43 Mod Two Degree Theorem If f : X → Y is a smooth map of
a compact manifold X into a connected manifold Y and dim X = dim Y, then
I2(f, y) is the same for all points y ∈ Y . This common value is called the mod
2 degree of f, denoted deg2(f)

Remark 1.44 Note that whenever deg2(f) appears it is implicitly stating that
dim X = dim Y, X is compact, and Y is connected because otherwise the mod
two degree of f is not defined

Theorem 1.45 Homotopic maps have the same mod 2 degree

Theorem 1.46 If X = ∂W and f : X → Y may be extended to all of W, then
deg2(f) = 0

1.11.1 Winding Numbers

A concept that will be central to proving the Jordan Brouwer Separation Theo-
rem is the winding number of a function around a point. The winding number
of a map around the point is the number of times each direction vector from
the point to the image of the map occurs. From the concept of degree mod two,
almost every direction vector should occur the same number of times mod two.
This is the functions winding number around a point.

Definition 1.47 Direction Unit Vector u(x) the unit vector representing
the direction from a point z ∈ Rn −X to f(x). u : X → Sn−1.

u(x) =
f(x)− z
‖f(x)− z‖

Definition 1.48 Mod Two Winding Number W2(f, z)W2(f, z) = deg2(u),
where u is the direction unit vector using f(x) and z

2 The Jordan Brouwer Separation Theorem

Theorem 2.1 Jordan Brouwer Separation Theorem If X is a compact connected
hypersurface in Rn:

1. Xc = Rn −X consists of two connected sets, D0, D1

2. D0, D1 are both open

3. D̄1 is a compact manifold

4. ∂D̄1 = X

To prove this theorem we will first introduce and prove a related theorem:

Theorem 2.2 Suppose that X is the boundary of D, a compact manifold with
boundary, and let F : D → Rn be a smooth map extending f; that is, ∂F = f .
Suppose that z is a regular value of F that does not belong to the image of f.
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Then F−1(z) is a finite set, and W2(f, z) = #F−1(z) mod 2

To prove this we will first prove three lemmas

Lemma 2.3 If F does not hit z, then W2(f, z) = 0 Proof:

• Since z is not in the image of D under F, we can extend u(x), the unit
vector function, to all of D.

• By Theorem 1.46, X = ∂D and u : X → Sn−1 may be extended to all of
D. Therefore deg2(u) = 0.

Lemma 2.4 Suppose that F−1(z) = {y1, , yc}, and around each point yi let Bi
be a ball. Demand that the balls be disjoint from one another and from X = ∂D.
Let bi : ∂Bi → Rn be the restriction of F. Then the following equation holds:
W2(f, z) = W2(b1, z) + · · ·+W2(bc, z) mod 2
Proof:

• Define Di as D without the interior of balls one through c, or Di = D −⋃
{Int(B1), ..., Int(Bi)}

• Define Xi as the boundary of Di, or Xi = X + ∂B1 + · · · ∂Bi.
• Define fi : Xi → Rn as the restriction of F to Xi.

• Lastly define ui : Xi → Sn−1, as the directional vector function between
z and fi

• The domain of u increases between ui to ui+1 by ∂Bi+1. With the excep-
tion of this domain difference, ui and ui+1 are equivalent.

• This implies that W2(fi, z) +W2(bi+1, z) mod 2 = W2(fi+1, z)

• From Lemma 2.3 since z is not in the image of Dc under F, W2(fc, z) = 0

• Combining the previous two statements we get that:
W2(fc, z) = W2(bc, z) + · · ·+W2(b1, z) +W2(f0, z) = 0

• And f0 is just f, therefore:
W2(f, z) mod 2 = W2(b1, z) + · · ·+W2(bc, z) mod 2

Lemma 2.5 The balls Bi in Lemma 2.4 can be chosen so that W2(fi, z) = 1
Proof:

• Again we start with F−1 = y1, ..., yl

• Instead of picking balls in D, pick a small enough neighborhood of z, U,
such that F−1(U) consists of l disjoint connected sets in D. We can do this
by the same logic as picking disjoint balls around y1, ..., yl from Lemma
2.4.

• Let T1, ..., Tl be just such disjoint connected sets in the preimage of U

• Finally take gi : T1 → U to be the restriction of F to Ti.

• Since dim Ti = dim U, each Ti is compact, and U is connected, we can
apply the Mod Two Degree Theorem (1.43) to state that I2(f, x) is the
same for all x ∈ U
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• Since there is only one element in the preimage of g−1
i (z) (yi), it follows

that I2(gi, x) = 1 for every x ∈ U
• This implies that ∂gi : ∂Ti → ∂U is one-to-one.

• In this case, ∂U is Sn−1 and z is the center of Sn−1 so this map can be
thought of as the unit vector map

• Therefore deg2(u) for gi and z is 1

• Now we can just pick balls small enough around each yi so that they are
completely bounded by each Ti, thus proving the lemma.

Proof of Theorem 2.2: By Lemma 2.5 we can choose the balls in Lemma 2.4
such that W2(fi, z) = 1, and therefore W2(f, z) = #F−1(z) mod 2

Now to prove the JBS theorem, we will need seven more lemmas. Now we
will suppose the conditions of the JBS theorem so X is a compact connected
hypersurface in Rn. The idea is to apply the results of Theorem 2.2 to the
identity map from X to itself. Using this we can characterize points in Rn as
being ’inside’ or ’outside’ X based on their winding numbers. We will show that
points with the same winding number are part of the same connected subset of
Xc and vice versa, and that points necessarily exist with both winding numbers.

Lemma 2.6 Given two points x1, x2 ∈ X and any two neighborhoods around
those points U1, U2, there exists a point u1 ∈ U1 and a point u2 ∈ U2 that can
be connected by a curve that does not intersect X.
Proof:

• Choose a small enough ε > 0 such that the following proof works

• Confine U1, U2 to be open balls of radius ε around x1 and x2.

• Pick some u1 ∈ U2 arbitrarily close to x1.

• Using the Epsilon Neighborhood Theorem (Theorem 1.33) , define xu1 =
π(u1) and define δ to be the distance between xu1 and u1.

• Let C0 be a connected 1-dimensional sub manifold of X that passes through
xu1 and x2

• Define n : X → Sn−1 to be the normal unit vector to X at point x.

• Define f : C0 → C as f(x) = x+ n(x) · δ
• This function which raises C0 an arbitrarily small amount away from X is

clearly a diffeomorphism between two bounded connected one-manifolds.

• Also clearly: f(xu1) = u1 and f(x2) is in the open ball of radius ε around
x2.

• Since ε can be arbitrarily small, it can be chosen so that the distance
between C0 and C is infinitesimal, and thus so that C does not intersect
X.
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Lemma 2.7 Let z ∈ Rn − X. For every x ∈ X and every neighborhood of
x, U in Rn, there exists a point of U that may be joined to z by a curve not
intersecting X.
Proof:

• Suppose that for every manifold X and every point z ∈ Rn − X, there
exists a point x ∈ X such that the lemma is true.

• Using the curve C from Lemma 2.6, we can connect a point in any neigh-
borhood of any point in X, to a point in any neighborhood of any other x
in X.

• So if z and some u in a neighborhood U of x may be connected by a curve
A, then you can connect A to C and thereby connect z to any neighborhood
of any x

• Of course here you would have to take care to smooth out the connection
between the z-u curve and C, but this isn’t a problem since the smoothing
out could take place on an infinitesimal level.

• Now we only have to prove that our initial supposition is correct but this
is trivial:

• Given some z, take x to be the closest point in X to z.

• You can connect z with points arbitrarily close to x along the line segment
with endpoints x and z, or in other words, points in any neighborhood of
x.

Lemma 2.8 Show Rn −X has at most, two connected components
Proof:

• Because X is a manifold, for any x ∈ X, we can pick a small enough
neighborhood U ∈ Rn around x such that U ∩X is diffeomorphic to Rn−1.

• And by definition such a U is diffeomorphic to Rn

• This makes U −X diffeomorphic to Rn − Rn−1 which has two connected
components, and thus U −X has two connected components.

• By Lemma 2.7, for any z ∈ Rn −X, there is a u ∈ U such that u and z
may be joined by a curve not intersecting X

• Therefore for a small enough U, Rn −X and U −X must have the same
number of components, which is two.

Lemma 2.9 Given y1, y2 ∈ Rn, f : X → Rn, if the straight line from y1 to y2
does not intersect f(X), then W2(f, y1) = W2(f, y2)
Proof:

• Let ~v be the unit vector pointing in the same direction as the vector y2−y1.

• Let u1, u2 be the unit vector functions between f and y1 and y2 respectively.

• Since the line segment connecting u1 and u2 does not intersect X, it must
follow that #u−1

1 (~v) = #u−1
2 (~v)

9



• If ~v is a regular value of u1, it is a regular value of u2, and therefore
#u−1

1 (~v) mod 2 = deg2(u1) = deg2(u2), and the lemma is proven

• If ~v is not a regular value of u1, we can move ~v around Sn−1 by an
arbitrarily small amount so that #u−1

1 (~v1) = #u−1
2 (~v1) still holds and ~v1

is a regular value

Lemma 2.10 Show that if z0 and z1 belong to the same connected component
of Rn −X, then W2(X, z0) = W2(X, z1)
Proof:

• Since z0 and z1 are part of the same connected component of Xc, they
can be joined by a curve not intersecting X

• Break this curve down into a finite number of line segments that approx-
imate the curve as a whole such that none of the line segments intersect
X.

• By Lemma 2.9 the endpoints of all of the line segments must have the same
winding number and therefore z0 and z1 have the same winding number.

Lemma 2.11 Suppose that r is a ray emanating from z0 that intersects X
transversally in a nonempty (necessarily finite) set. Suppose that z1 is any
other point on r (but not on X), and let l be the number of times r intersects X
between z0 and z1. Verify that W2(X, z0 = W2(X, z1) + l mod 2.
Proof:

• Let ~v,−~v be unit vectors pointing from z1 to z0, and z0 to z1 respectively

• Define u0, u1 as the unit vector functions with respect to the inclusion
map of X, and z0 and z1 respectively.

• Say n0,~v = #u−1
0 (~v) and n1,~v = #u−1

1 (~v) and n0,−~v, n1,−~v are defined
likewise.

• By our definition of winding numbers, W2(X, z0) = n0,~v mod 2 = n0,−~V
mod 2. And same for z1 and n1

• Clearly, n0,~v + l = n1,~v and n0,−~v = n1,−~v + l

• W2(X, z0) = n0,−~v mod 2⇒W2(X, z0) = n1,−vecv+l mod 2 = W2(X, z1)+
l mod 2

Lemma 2.12 Rn −X has precisely two components,

D0 = {z : W2(X, z) = 0} and D1 = {z : W2(X, z) = 1}

Proof:

• Proof D0, D1 are nonempty

• To do this we take two points not on X but on opposite sides of X and
show they must have different winding numbers.
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• Let x ∈ X, and n ∈ Sn−1 be the unit vector normal to X at x.

• For an arbitrarily small enough ε > 0, the line segment from z1 = x+n · ε
to z2 = x− n · ε only intersects X at x.

• This implies that z1, z2 ∈ Rn −X
• By Lemma 2.11 W2(X, z1) = W2(X, z2) + 1 mod 2

• Which implies W2(X, z1) 6= W2(X, z2)

• By Lemma 2.10, z1 and z2 cannot belong to the same connected compo-
nent of Rn −X

• By Lemma 2.8, Rn −X cannot have any more than two connected com-
ponents

• Since there exist at least two points in separate connected components of
Rn−X and Rn−X has at most two connected components, Rn−X must
have precisely two connected components, D0 and D1

Lemma 2.13 If z is very large, then W2(X, z) = 0
Proof:

• Since X is compact, there is an r > 0 large enough such that if a point x
is in X, then x is in Br(0)

• Take some z ∈ Rn −Br(0). (Automatically this implies z /∈ X)

• Let ~v be the unit vector in the direction z to the origin

• Intuitively, the image u(X) stays within a small neighborhood of ~v

• Concretely, u(X) cannot include any direction whose angle with ~v is per-
pendicular or greater, even if z is on ∂Br(0).

• This means at least a substantial dense chunk of the points in Sn−1 are
not in u(X)

• Therefore, deg2(u) = 0 and thus, W2(X, z) = 0

Proof of the Jordan Brouwer Separation Theorem
Part One: Xc = Rn −X consists of two connected sets, D0, D1:

• By Lemma 2.12, Xc = Rn −X consists of two components, D0 and D1

• By Lemma 2.10, D0 and D1 must be connected sets

Part Two: D0, D1 are both open:

• for every z ∈ Xc, we can pick a small enough r > 0 such that for the open
ball Br(z), we have Br(z) ∩X = ∅

• This implies that for every y ∈ Br(z), y and z may be joined by a curve
not intersecting X

• By Lemma 2.12, since y and z are in the same connected subset of Xc,
W2(X, y) = W2(X, z)
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• Therefore for every z ∈ D0 there is an r > 0 such that Br(z) ⊂ D0 and
likewise for D1

• Therefore D0 and D1 are both open.

Part Three: D̄1 is a compact manifold:

• By definition, the closure of D1 must be closed

• By Lemma 2.13, D1 is bounded since D1 can be enclosed by a large enough
ball.

• If B is such a ball, then any ball larger than B with the same center would
necessarily bound D̄1 as well

• Since the closure of D1 is both closed and bounded, it is compact.

Part Four: ∂D̄1 = X:

• Given some point x ∈ X, by definition x ∈ D̄1

• For every neighborhood U around x, U has at least two connected com-
ponents as in Lemma 2.12.

• Any two points an arbitrarily small distance away from x in opposite direc-
tions, that do not lie in X, will necessarily not in the same D component.

• Therefore under any local parameterization of x, the preimage of U ∩ D̄1

is diffeomorphic to Hn with the preimage of x lying on the boundary of
Hn

• Therefore the boundary of D̄1 is X
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