
THE METHOD OF STATIONARY PHASE

JE-OK CHOI

Abstract. The method of stationary phase is a collection of techniques used
to estimate oscillatory integrals. In this paper, we prove the stationary phase
method as well as basic properties of the Fourier transform of complex-valued
measures. We then present its application in estimating Fourier transform
of the surface measure on Sn−1, demonstrating the Tomas-Stein Restriction
Theorem, and approximating the solution for the homogeneous wave equation.
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1. Fourier Transform and Basic Properties

For f ∈ L1(Rn), its Fourier transform f̂ : Rn → C is defined by

f̂(ξ) =

∫
e−2πix·ξf(x)dx

Definition 1.1. M(Rn) denotes the space of finite complex-valued measures on
Rn.

Extending the definition of the Fourier transform in L1(Rn) to M(Rn), define
for µ ∈M(Rn),

µ̂(ξ) =

∫
e−2πix·ξdµ(x)

Proposition 1.2. Let Γ(x) = e−π|x|2. Then,

(1.3) Γ̂(ξ) = e−π|ξ|2
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Proof.

(1.4) Γ̂(ξ) =

∫
e2πix·ξe−π|x|2dx

By Fubini’s Theorem, (1.4) factors as a product of one variable integrals. Hence, it

suffices to prove (1.3) for n = 1. Note that
∫∞

−∞
e−x2

dx =
√
π, and, via the change

of variables,
∫∞

−∞
e−πx2

dx = 1.

Γ̂(ξ) =

∫ ∞

−∞

e−2πixξe−πx2

dx

= e−πξ2

∫ ∞

−∞

e−π(x−iξ)2dx

= e−πξ2

∫ ∞−iξ

−∞−iξ

e−πx2

dx

= e−πξ2

∫ ∞

−∞

e−πx2

dx

= e−πξ2

�

Proposition 1.5. If µ ∈M(Rn), then µ̂ is a bounded function. In fact,

‖µ̂‖∞ ≤ ‖µ‖M(Rn)

Proof. For ξ ∈ Rn,

|µ̂(ξ)| = |
∫
e−2πox·ξdµ(x)|

≤
∫

|e−2πox·ξ|d|µ|(x)

= ‖µ‖
�

Proposition 1.6. If µ ∈M(Rn), then µ̂ is a continuous function.

Proof. For ξ ∈ Rn, consider

µ̂(ξ + h) =

∫
e−2πix·(ξ+h)dµ(x)

The integrand converges pointwise to e−2πix·ξ as h→ 0. Note that |e−2πix·(ξ+h)| =
1 and |µ|(Rn) <∞. Thus, by the Dominated Convergence theorem,

lim
h→0

µ̂(ξ + h) =

∫
lim
h→0

e−2πix·(ξ+h)dµ(x)

=

∫
e−2πix·ξdµ(x)

= µ̂(ξ)

�

Proposition 1.7. Let eτ (x) = e2πix·τ . Then,

êτf(ξ) = f̂(ξ − τ)
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Proof.

êτf(ξ) =

∫
e−2πix·ξe2πix·τf(x)dx

=

∫
e−2πix·(ξ−τf(x)dx

= f̂(ξ − τ)

�

Proposition 1.8. For f ∈ L1(Rn) and T an invertible linear map from Rn to Rn,

f̂ ◦ T = | det(T )|−1f̂ ◦ (T−1)t

Proof.

f̂ ◦ T (ξ) =

∫
e−2πix·ξf(Tx)dx

= | det(T )|−1

∫
e−2πiT−1y·ξf(y)dy

= | det(T )|−1

∫
e−2πiy·(T−1)tξf(y)dy

= | det(T )|−1f̂ ◦ (T−1)t(ξ)

�

Definition 1.9. Let α = (α1, . . . , αn) ∈ Rn. α is a multi-index if its entries are
non-negative integers. For a multi-index α,

Dαµ̂ =
∂α1

∂xα1

1

. . .
∂αn

∂xαn
1

,

xα =
n∏

j=1

x
αj

j

The length of α, denoted |α|, is
∑n

j=1 αj .
For multi-indices α, β, let

α ≤ β ⇔ αi ≤ βi for each i

α < β ⇔ α ≤ β and α 6= β

Proposition 1.10. For µ ∈M(Rn) such that supp µ is compact, µ̂ is C∞ and

(1.11) Dαµ̂ = ̂((−2πix)αµ).

Proof. Clearly, for any α ∈ Rn, (2πix)αµ is a finite measure with compact support.
Hence, by induction, it suffices to show that µ is C1, and (1.11) holds for |α| = 1.
Since |α| = 1, α = ej for some j ∈ {1, . . . , n}. For ξ ∈ Rn, let

∆(h) =
µ(ξ + hej) − µ(ξ)

h

=

∫
e−2πihxj − 1

h
e−2πiξ·xdµ(x)(1.12)

By L’Hôpital’s rule, e
−2πihxj −1

h
converges pointwise to −2πixj as h→ 0.

For θ ∈ R, |eiθ − 1| ≤ |θ|, since the LHS is the euclidean distance between eiθ and
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1 and the RHS is the arc length between them on the unit circle.
By letting θ = −2πhxj,

|e
−2πihxj − 1

h
| ≤ 2π|xj |

Thus, the integrand in (1.12) is dominated by |2πxj | which is a bounded function
on the support of µ and, hence, integrable. By the dominated convergence theorem,

Dαµ̂ = lim
h→0

∆(h)

=

∫
lim
h→0

e−2πihxj − 1

h
e−2πiξ·xdµ(x)

=

∫
−2πixje

−2πiξ·xdµ(x)

=

∫
(−2πix)αe−2πiξ·xdµ(x)

= ̂((−2πix)αµ)

By Proposition 1.6. and (1.11), µ̂ is C1. �

Let φ : Rn → R be a C∞ function with the following properties.

(1) φ(x) = 1 if |x| ≤ 1
(2) φ(x) = 0 if |x| ≥ 2
(3) 0 ≤ φ ≤ 1
(4) φ is radial.

Proposition 1.13. Let φk(x) = φ(x
k
). For each multi-index α, there exists a

constant Cα such that |Dαφk| ≤ Cα

k|α| uniformly in k. Moreover, if α 6= 0, then the
support of Dαφ is contained in the region k ≤ |x| ≤ 2k.

Proof. For x ∈ Rn, Dαφk(x) = 1
k|α|D

αφ(x). ‖Dαφk‖ ≤ 1
k|α| ‖Dαφ‖, where ‖f‖ =

supx∈Rn |f(x)|. Thus, it holds with Cα = ‖Dαφ‖ �

Lemma 1.14. Suppose f is CN , Dαf ∈ L1 for all α such that |α| ≤ N . Let
fk = φkf . Then, for all α such that |α| ≤ N ,

lim
k→∞

‖Dαfk −Dαf‖1 = 0

Proof. Clearly,

lim
k→∞

‖φkD
αf −Dαf‖1 = 0

Hence, it suffices to show that

lim
k→∞

‖Dαfk − φkD
αf‖1 = 0

By the general Leibniz rule,

Dαfk − φkD
αf =

∑

β≤α

(
α

β

)
DβφkD

α−βf − φkD
αf

=
∑

0<β≤α

(
α

β

)
DβφkD

α−βf
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Hence,

‖Dαfk − φkD
αf‖1 ≤ C

∑

0<β≤α

‖Dβφk‖∞‖Dα−βf‖L1({x:|x|≥k})

≤ Ck−1
∑

0<β≤α

‖Dα−βf‖L1({x:|x|≥k})

which goes to 0 as k → ∞. �

Proposition 1.15. Suppose f is CN , Dαf ∈ L1 for all α such that |α| ≤ N .
Then, for |α| ≤ N ,

(1.16) D̂αf(ξ) = (2πiξ)αf̂(ξ)

Moreover,

(1.17) |f̂(ξ)| ≤ C(1 + |ξ|)−N

for some constant C.

Proof. Suppose f is C1 with compact support. Then, via integration by parts,∫
e−2πix·ξ ∂f

∂xj

(x)dx = 2πiξj

∫
e−2πix·ξf(x)dx

Thus, (1.16) holds for α = 1. By induction, (1.16) holds for |α| ≤ N if f is CN

with compact support.
Suppose fk is defined as in Lemma 1.14.. (1.16) holds for fk. By Lemma 1.14.

and Proposition 1.5., D̂αfk converges uniformly to D̂αf as k → ∞. In addition,

f̂k converges uniformly to f̂ , and, hence, (2πiξ)αf̂k converges to (2πiξ)αf̂ . This
proves (1.16).
By (1.16) and Proposition 1.5., ξα ∈ L∞ for |α| ≤ N . In addition, it is easy to
estimate

C−1
N (1 + |ξ|)N ≤

∑

|α|≤N

|ξα| ≤ CN (1 + |ξ|)N

Then, (1.17) follows. �

2. Schwartz Space

Definition 2.1. The Schwartz space S is the space of functions f : Rn → C such
that :

(1) f is C∞.
(2) xαDβf is a bounded function for each pair of multi-indices α and β.

For f ∈ S, define
‖f‖αβ = ‖xαDβf‖∞

Definition 2.2. A sequence {fk} ⊂ S converges in S to f ∈ S if limk→∞ ‖fk −
f‖αβ = 0.

Definition 2.3. C∞
0 function is a C∞ function with compact support.

Remarks 2.4. (1) C∞
0 ⊂ S

(2) f ∈ S ⇔ (1 + |x|)NDβf is bounded for each N and β

Proposition 2.5. C∞
0 is dense in S. In other words, for any f ∈ S, there exists

a sequence {fk} ⊂ C∞
0 such that fk → f in S.
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Proof. Define φk as in Proposition 1.13. and consider fk = φkf , which is clearly in
C∞

0 . It needs to be shown that

xαDβ(φkf) → xαDβf

uniformly as k → ∞.

‖xαDβ(φkf)− xαDβf‖∞ ≤ ‖φkx
αDβf − xαDβf‖∞ + ‖xα(Dβ(φkf) − φkD

βf)‖∞
Then, the first term in the RHS is bounded by sup|x|≥k |xαDβf | which goes to zero
as k → ∞. By the Leibniz rule, the second term is bounded by

(2.6) C
∑

γ<β

‖xαDγf‖∞‖Dβ−γφk‖∞.

Since f ∈ S, ‖xαDγf‖∞ is bounded, and ‖Dβ−γφk‖∞ ≤ C′

k
. Hence, (2.6) goes to

zero as k → ∞. �

Definition 2.7. A C∞
0 tensor function is a function f : Rn → C of the form

f(x) =
∏

j

φj(xj)

where each φj ∈ C∞
0 (R).

Proposition 2.8. Linear combination of C∞
0 tensor functions are dense in S.

The proof for Proposition 2.8. is given in [1].

3. Fourier Inversion and Plancherel

Convolution of φ and f is defined as follow:

φ ∗ f(x) =

∫
φ(y)f(x− y)dy

Let φ ∈ S and suppose that
∫
φ = 1. Define

φǫ(x) = ǫ−nφ(ǫ−1x)

Note that
∫
φǫ = 1 for all ǫ. The family of functions {φǫ} is called an approximate

identity. The proof of the following lemma can be found in a standard book on real
analysis.

Lemma 3.1. (1) If f is a continuous function which goes to zero at ∞, then
φǫ ∗ f → f uniformly as ǫ→ 0.

(2) If f ∈ Lp, 1 ≤ p <∞, then φǫ ∗ f → f in Lp as ǫ→ 0.

Lemma 3.2 (Duality). Suppose that µ ∈M(Rn) and ν ∈M(Rn). Then,
∫
µ̂dν =

∫
ν̂dµ

In particular, for f, g ∈ L1,
∫
f̂(x)g(x)dx =

∫
f(x)ĝ(x)dx
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Proof. By Fubini’s theorem,∫
µ̂dν =

∫ ∫
e−2πiξ·xdµ(x)dv(ξ)

=

∫ ∫
e−2πiξ·xdv(ξ)dµ(x)

=

∫
ν̂dµ

�

Theorem 3.3 (Fourier Inversion). Suppose that f ∈ L1 such that f̂ is also in L1.
Then, for a. e. x,

(3.4) f(x) =

∫
f̂(ξ)e2πiξ·xdξ

Equivalently,

(3.5)
̂̂
f(x) = f(−x) for a.e. x

Proof. By Proposition 1.2., the gaussian Γ(x) = e−π|x|2 satisfies (3.5). Define

Γǫ(x) = e−πǫ2|x|2

Then, by Proposition 1.8.,

(3.6) Γ̂ǫ(ξ) = ǫ−ne−π
|ξ|2

ǫ2

Applying Proposition 1.8. again, Γǫ satisfies (3.5).
Consider the integral in (3.4) with a damping factor included:

Iǫ(x) =

∫
f̂(ξ)e−πǫ2|x|2e2πiξ·xdξ

The limit as ǫ→ 0 is evaluated in the following ways.

(1) Since f̂ ∈ L1, by the dominated convergence theorem, Iǫ(x) →
∫
f̂(ξ)e2πiξ·xdξ

as ǫ→ 0 for each fixed x
(2) For fixed x and ξ, let g(ξ) = e−πǫ2|x|2e2πiξ·x. Then,

Iǫ(x) =

∫
f(y)ĝ(y)dy

by the Duality relation. g(ξ) = ex(ξ)Γǫ(ξ). Thus, by Proposition 1.7. and
(3.6),

ĝ(y) = Γ̂ǫ(y − x) = Γǫ(x− y)

where Γǫ(y) = ǫ−nΓ(y
ǫ
). The last equality holds since Γ is even.

Hence, Iǫ = f ∗ Γǫ. By Lemma 3.1., Iǫ → f in L1 as ǫ→ 0.

Iǫ converges pointwise to
∫
f̂(ξ)e2πix·ξdξ and converges in L1 to f , which is only

possible when (3.4) holds. �

Proposition 3.7. For f, g ∈ L1,

f̂ ∗ g = f̂ ĝ

In addition, for f, g ∈ S,

f̂ g = f̂ ∗ ĝ
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Proof.

f̂ ∗ g(ξ) =
̂(∫

f(y)g(x− y)dy

)

=

∫
e−2πix·ξ

(∫
f(y)g(x− y)dy

)
dx

=

∫
e−2πiy·ξf(y)

(∫
e−2πi(x−y)·ξg(x− y)dx

)
dy

=

∫
e−2πiy·ξf(y)ĝ(ξ)dy

= f̂(ξ)ĝ(ξ)

For f, g ∈ S,

̂̂
f ∗ ĝ(−ξ) =

ˆ̂
f(−ξ)ˆ̂g(−ξ)

= f(ξ)g(ξ)

By the Fourier Inversion Theorem, f̂ ∗ ĝ = f̂ g. �

Theorem 3.8 (Plancherel). If u, v ∈ S, then
∫
ûv̂ =

∫
uv

Proof. By the Fourier Inversion theorem,
∫
u(x)v(x)dx =

∫
ˆ̂u(−x)v(x)dx

=

∫
ˆ̂u(x)v(−x)dx

=

∫
ˆ̂u(x)ṽ(x)dx

By the duality relation,
∫
uv =

∫
ˆ̂uṽ

=

∫
ûˆ̃v

=

∫
ûv̂

�

Corollary 3.9. For f ∈ S,

‖f̂‖2 = ‖f‖2

Proposition 3.10. For ψ ∈ S and ν = µ+ fdx where ν ∈M(Rn) and f ∈ L2,

(3.11)

∫
ν̂ψ =

∫
ψ̂dν
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Proof. The case where f = 0 is shown by the Duality relation. Hence, it suffices to
show that

(3.12)

∫
f̂ψ =

∫
fψ̂

for f ∈ L2 and ψ ∈ S. The duality relation shows that (3.12) holds for f ∈ L1∩L2.
By the Plancherel theorem, both sides are continuous on f for fixed ψ. Thus, (3.12)
is true for f ∈ L2. �

4. Distributional Fourier Transform

Definition 4.1. f ∈ L1
loc(R

n) is a tempered function if

∫
(1 + |x|)−N |f(x)|dx <∞

for some constant N .

Definition 4.2. If f and g are tempered functions, g is the distributional Fourier
transform of f if

∫
gφ =

∫
fφ̂

for all φ ∈ S.

Note that by Proposition 3.10., for f ∈ L1 + L2, its L1 + L2-Fourier transform
is the same as its distributional Fourier transform.
Let T be an invertible n× n real symmetric matrix. The signature of T is k+ − k−
where k+ and k− denote the numbers of positive and negative eigenvalues of T ,
counted with multiplicity, respectively. Moreover, let

GT (x) = e−πi<Tx,x>

For x ∈ Rn, |GT (x)| = 1, and, thus, GT is tempered.

Proposition 4.3. Let T be an invertible n×n real symmetric matrix with signature
σ. Then GT has a distributional Fourier transform, which is equal to

e−πi σ
4 | detT |− 1

2G−T−1

Proof. It is equivalent to show that for φ ∈ S

(4.4)

∫
e−πi<Tx,x>φ̂(x)dx = e−πi σ

4 | detT |− 1
2

∫
eπi<T−1x,x>φ(x)dx.

Consider n = 1. Let
√
z be the principal square root function defined on complex

numbers whose argument values are in the range (−π, π]. Hence,
√
±i = e±

πi
4 .

Then, (4.4) is equivalent to

(4.5)

∫
e−πzx2

φ̂(x)dx = (
√
z)−1

∫
e−π x2

z φ(x)dx
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for φ ∈ S and z a non-zero pure imaginary number.
If z = 1, ∫

e−πx2

φ̂(x)dx =

∫ ∫
e−πx2

e−2πiyxφ(y)dydx

=

∫ (∫
e−2πixye−πx2

dy

)
φ(y)dy

=

∫
e−πy2

φ(y)dy

=

∫
e−πx2

φ(x)dx

Note that the third line follows from Proposition 1.2..
For z ∈ R such that z > 0,

(4.6)

∫
e−πzx2

φ̂(x)dx =
1√
z

∫
e−πy2

φ̂(
y√
z
)dy.

By Proposition 1.8.,

φ̂(
y√
z
) =

√
z · ˆ̃
φ(y)

where φ̃(y) = φ(
√
zy). Then, (4.6) equals

∫
e−πy2 ˆ̃

φ(y)dy =

∫
e−πy2

φ̃(y)dy

=

∫
e−πy2

φ(
√
zy)dy

=
1√
z

∫
e−π x2

z φ(x)dx

Both sides of (4.5) are analytic in z for ℜ(z) > 0 and continuous in z for ℜ(z) ≥ 0
such that z 6= 0. Hence, by analytic continuation, (4.5) has been shown.

Consider n ≥ 2. For U ∈ SO(n), φ̂ ◦ U = φ̂ ◦ U if φ ∈ S by Proposition 1.8..
Let S = UTU−1. Then, S and T have the same determinant and the same signa-
ture. Suppose (4.4) holds for T . Then,

∫
e−πi<Sx,x>φ̂(x)dx =

∫
e−πi<TU−1x,U−1x>φ̂(x)dx

=

∫
e−πi<Tx,x>φ̂(Ux)dx

=

∫
e−πi<Tx,x>φ̂ ◦ U(x)dx

= e−πi σ
4 |detT |− 1

2

∫
eπi<T−1x,x>φ ◦ U(x)dx

= e−πi σ
4 |detT |− 1

2

∫
eπi<T−1U−1x,U−1x>φ(x)dx

= e−πi σ
4 |detS|− 1

2

∫
eπi<S−1x,x>φ(x)dx.

(4.7)

Thus, it suffices to prove (4.4) when T is diagonal. If φ is a tensor function, then the
integrals in (4.4) factor as products of one variable integrals. Hence, (4.4) follows
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immediately from (4.5). Since integration against a tempered function defines a
continuous linear functional on S, the general case follows from Proposition 2.8.. �

5. Riesz-Thorin Theorem and Young’s Inequality

Theorem 5.1 (Riesz-Thorin). Let T be a linear operator whose domain is Lp0+Lp1

where 1 ≤ po < p1 ≤ ∞. Assume that f ∈ Lp0 implies

‖Tf‖q0
≤ A0‖f‖p0

and f ∈ Lp1 implies

‖Tf‖q1
≤ A1‖f‖p1

for some 1 ≤ q0, q1 ≤ ∞. Suppose that for θ ∈ [0, 1],

1

p
=

1 − θ

p0
+

θ

p1

1

q
=

1 − θ

q0
+

θ

q1

Then, f ∈ Lp implies

‖Tf‖q ≤ A1−θ
0 Aθ

1‖f‖p

The proof for Riesz-Thorin can be found in [3].
For 1 ≤ p ≤ ∞, p′ is defined such that

1

p
+

1

p′
= 1.

Proposition 5.2 (Young). Suppose φ ∈ Lp and ψ ∈ Lr such that 1 ≤ p, r ≤ ∞
and 1

p
+ 1

r
≥ 1. Let 1

q
= 1

p
− 1

r′ . Then, φ ∗ ψ is absolutely convergent for a.e. x,

and

‖φ ∗ ψ‖q ≤ ‖φ‖p‖ψ‖r

Proof. Fixing φ, let

Tψ = φ ∗ ψ

Then, T : L1 + Lp′ → Lp + L∞ such that

‖Tψ‖p ≤ ‖φ‖p‖ψ‖1

‖Tψ‖∞ ≤ ‖φ‖p‖ψ‖p′

Let θ = 1 − p
q
∈ [0, 1]. Then,

1

r
=

1 − θ

1
+
θ

p′

1

q
=

1 − θ

p
+

θ

∞

Hence, the result follows from Riesz-Thorin. �
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6. Stationary Phase

Definition 6.1. For φ a real-valued C∞ function and a a C∞
0 function,

I(λ) =

∫
e−πiλφ(x)a(x)dx.

Remark 6.2. Suppose G is a smooth diffeomorphism such that φ1 = φ2 ◦G where
φ1 and φ2 are real-valued C∞ functions. Then,∫

e−πiλφ2(x)a(x)dx =

∫
e−πiλφ1(G−1x)a(x)dx

=

∫
e−πiλφ1(y)a(Gy)d(Gy)

=

∫
e−πiλφ1(y)a(Gy)|JG(y)|dy

where JG is the Jacobian matrix containing the partial derivatives of G. Since the
function y → a(Gy)|JG(y)| is C∞

0 , any bound for I(λ) that is independent of choice
of a is “diffeomorphism invariant”.

Lemma 6.3 (Straightening Lemma). Suppose Ω ⊂ Rn is open, f : Ω → R is C∞,
and p ∈ Ω such that ∇f(p) 6= 0. Then, there are neighborhoods U and V of 0 and
p, respectively, and a C∞ diffeomorphism G : U → V such that G(0) = p and

f ◦G(x) = f(p) + xn

Lemma 6.4 (Morse Lemma). Suppose Ω ⊂ Rn is open, f : Ω → R is C∞, p ∈ Ω

such that ∇f(p) = 0, and the Hessian matrix Hf (p) =
(

∂2f
∂xi∂xj

(p)
)

is invertible.

Then, for a unique k, there are neighborhoods U and V of 0 and p, respectively,
and a C∞ diffeomorphism G : U → V with G(0) = p and

(6.5) f ◦G(x) = f(p) +

k∑

j=1

x2
j −

n∑

j=k+1

x2
j

The proofs for the Straightening Lemma and the Morse Lemma can be found in
[4].

Proposition 6.6 (Nonstationary Phase). Suppose Ω ⊂ Rn is open, φ : Ω → R is
C∞, and p ∈ Ω such that ∇φ(p) 6= 0. If a ∈ C∞

0 has its support in a sufficiently
small neighborhood of p, then, for all N ∈ N, there exists CN such that

(6.7) |I(λ)| ≤ CNλ
−N

Proof. By the Straightening Lemma and Remark 6.2., it suffices to show for φ(x) =
c+ xn

I(λ) =

∫
e−πiλφ(x)a(x)dx

=

∫
e−πiλ(c+xn)a(x)dx

= e−πiλc

∫
e−πiλx·ena(x)dx

= e−πiλcâ(
λ

2
en)

Then, (6.7) follows from Proposition 1.15.. �
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Proposition 6.8. Let T be a real symmetric invertible matrix with signature σ.
For a ∈ C∞

0 , define

I(λ) =

∫
e−πiλ<Tx,x>a(x)dx

Then, for any N ,

I(λ) = e−πi σ
4 | detT |− 1

2 λ−
n
2


a(0) +

N∑

j=1

λ−jDja(0) + O(λ−(N+1))




where Dj are certain explicit homogeneous constant differential operators of order
2j, depending only on T , and the implicit constant depends only on T and on bounds
for finitely many Schwartz space semi-norms of a.

Proof. By Proposition 4.3.,

I(λ) = e−πi σ
4 | detT |− 1

2 λ−
n
2

∫
eπiλ−1<T−1ξ,ξ>â(ξ)dξ

Using Taylor’s theorem for eix,

eπiλ−1<T−1ξ,ξ> =

N∑

j=0

(πiλ−1 < T−1ξ, ξ >)j

j!
+ O(

|ξ|2N+2

λN+1
)

uniformly in ξ and λ. Thus,

∫
eπiλ−1<T−1ξ,ξ>â(ξ)dξ =

∫
â(ξ)


1 +

N∑

j=1

(πiλ−1 < T−1ξ, ξ >)j

j!
+ O(

|ξ|2N+2

λN+1
)


 dξ

By the Fourier inversion theorem,
∫
â(ξ)dξ = a(0). Moreover,

∫
â(ξ)

(πi < T−1ξ, ξ >)j

j!

is the value at zero of Dja for an appropriate differential operator Dj by Proposition
1.15.. Also, ∫

|â(ξ)||ξ|2N+2dξ

is bounded in terms of Schwartz space semi-norms of â, and, thus, in terms of
derivatives of a. �

Lemma 6.9. Suppose that φ is smooth, ∇φ(p) = 0, and G is a smooth diffeomor-
phism such that G(0) = p. Then,

Hφ◦G(0) = DG(0)tHφ(p)DG(0)

Hence, Hφ(p) and Hφ◦G(0) have the same signature, and

det(Hφ◦G(0)) = JG(0)2 det(Hφ(p))

Lemma 6.9. clearly follows from the chain rule.

Proposition 6.10. Let φ be a C∞ such that ∇φ(p) = 0 and Hφ(p) is invertible.
Let σ be the signature of Hφ(p), and let ∆ = 2−n| detHφ(p)|. Let a be C∞

0 and
supported in a sufficiently small neighborhood of p. Define

I(λ) =

∫
e−πiλφ(x)a(x)dx.
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Then, for any N ,

I(λ) = e−πiλφ(p)e−πi σ
4 ∆− 1

2 λ−
n
2


a(p) +

N∑

j=1

λ−jDja(p) + O(λ−(N+1))




where Dj are certain differential operators of order 2j with coefficients depending
on φ, and the implicit constant depends on φ and on bounds for finitely many
derivatives of a.

Proof. Via replacing φ with φ − φ(p), assume that φ(p) = 0. Choose a C∞ diffeo-
morphism by Morse lemma, and, thus,

I(λ) =

∫
e−πiλ<Ty,y>a(Gy)|JG(y)|dy

where T is a diagonal matrix with entries ±1 and signature σ, by (6.5). Since

| detHT (0)| = 2n, |JG(0)| = ∆− 1
2 by Lemma 6.9.. Let Dj be associative with T as

in Proposition 6.8., and let b(y) = a(Gy)|JG(y)|. Then, by Proposition 6.8.,

I(λ) = e−πi σ
4 λ−

n
2


b(0) +

N∑

j=1

λ−jDjb(0) + O(λ−(N+1))




Note that b(0) = |JG(0)|a(p) = ∆− 1
2 a(p). Hence,

I(λ) = e−πi σ
4 ∆− 1

2λ−
n
2


a(0) +

N∑

j=1

λ−j∆
1
2Djb(0) + O(λ−(N+1))




From the chain rule and the product rule, 2j-th order derivative of b at 0 can
be expressed as a linear combination of derivatives of a at p of order ≤ 2j with
coefficients depending on G, and, thus, on φ. In other words, ∆

1
2Djb(0) can be

expressed in the form D̃ja(p) where D̃j is a new differential operator of order ≤ 2j
with coefficients depending on φ. �

Lemma 6.11. Let {φi}M
i=1 be real-valued smooth functions and assume that φi(p) =

0 and ∇φi(p) = 0. Let Φ =
∏M

i=1 φi. Then, all partial derivatives of Φ of order less
than 2M also vanish at p.

Proof. By the product rule, any partial DαΦ is a linear combination of terms of
the form

M∏

i=1

Dβiφi

with
∑

i βi = α. Since |α| < 2M , some |βi| < 2. Thus, all such terms vanish at
p. �

Proposition 6.12. (1) Assume that ∇φ(p) 6= 0. Then, for a supported in a
small neighborhood of p,

∣∣∣∣
djI(λ)

dλj

∣∣∣∣ ≤ Cj,Nλ
−N

for any N .
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(2) Assume that ∇φ(p) = 0, and Hφ(p) is invertible. Then, for a supported in
a small neighborhood of p,

∣∣∣∣
dk

dλk
(eπiλφ(p)I(λ))

∣∣∣∣ ≤ Ckλ
−( n

2
+k)

Proof. (1) clearly follows from Proposition 6.6 after differentiating under the inte-
gral sign. Differentiating under the integral sign,

dk

dλk
(eπiλφ(p)I(λ)) = (−πi)k

∫
(φ(x) − φ(p))ka(x)e−πiλ(φ(x)−φ(p))dx

Let b(x) = (φ(x)−φ(p))ka(x). By Lemma 6.11, all partial derivatives of b of order
less than 2k vanish at p. By replacing a with b and setting N = k−1 in Proposition
6.10, Djb(p) vanishes when j < k as well as b(p). Thus,

dk

dλk
(eπiλφ(p)I(λ)) = O(λ−( n

2
+k))

�

7. Fourier Transform of the Surface Measure on Sn−1

Proposition 7.1. Suppose that φ : Rn → R is smooth, M is a k-dimensional
submanifold, p ∈ M , and F : U → M is the inverse of a local coordinate near p.
Then, φ ◦ F have a critical point at F−1p if and only if ∇φ(p) is orthogonal to the
tangent space to M at p.

Proof. φ ◦F have a critical point at x = F−1p if and only if ∇(φ ◦F ) = 0 at x. By
the chain rule, it is equivalent to say that ∇φ(F (x)) · ∂iF (x) = 0 for all i. Since
F (x) = p, ∇φ(p) · ∂iF (x) = 0 for all i. {∂iF (x)} span the tangent space to M at
p. Thus, the equivalence has been established. �

Let σ be the surface measure on the sphere Sn−1 ⊂ Rn. Since σ is rotational
invariant, σ̂ is radial and smooth by Proposition 1.6. Thus, it suffices to consider
σ̂(λen) where en = (0, . . . , 0, 1) and λ > 0.
Put local coordinates on the sphere as follows:

• The first local coordinate is the map

x→ (x,
√

1 − |x|2)

Rn−1 ⊃ D(0,
1

2
) → Sn−1

• The second local coordinate is the map

x→ (x,−
√

1 − |x|2)

Rn−1 ⊃D(0,
1

2
) → Sn−1

• The remaining local coordinates map onto sets whose closures do not con-
tain {±en}.

Let {qj}k
j=1 be a suitable partition of unity subordinate to the covering by these

local coordinates. Define φ : Rn → R by φ(x) = en · x. Hence, ∇φ = en and is



16 JE-OK CHOI

normal to the sphere only at ±en. Then,

σ̂(λen) =

∫
e−2πiλen·xdσ(x)

=

k∑

j=1

∫
e−2πiλen·xqj(x)dσ(x)

=

∫

D(0, 1
2
)

e−2πiλ
√

1−|x|2 a1(x)√
1 − |x|2

dx+

∫

D(0, 1
2
)

e2πiλ
√

1−|x|2 a2(x)√
1 − |x|2

dx

+
k∑

j=3

∫
e−2πiλφjaj(x)dx

where the dx integrals are in Rn−1, and the phase functions φj for j ≥ 3 have no
critical points in the support of aj . For 1 ≤ i, j ≤ n− 1,

∂2

∂xi∂xj

(2
√

1 − |x|2) =





− 1
1−

P

k x2
k
(2
√

1 −
∑

k x
2
k − xi√

1−
P

k x2
k

) if i = j

− 2xixj

(1−
P

k x2
k)3/2 if i 6= j

Thus, at the origin, the Hessian of 2
√

1 − |x|2 is (−2)In−1, which is invertible.

{q′j(x)}k
j=1 such that q′j(x) = q′j(x1, . . . , xn) = qj(x1, . . . , xn−1,−xn) is also a parti-

tion of unity subordinate to the covering by these local coordinates. Hence, assume
that a1(x) = a2(x). Then, the first and second terms are complex conjugates. From
Proposition 6.12, it follows that

(7.2) σ̂(λen) = ℜ(e2πiλa(λ)) + y(λ)

such that

(7.3)

∣∣∣∣
dja(λ)

dλj

∣∣∣∣ ≤ Cjλ
−( n−1

2
+j)

and

(7.4)

∣∣∣∣
djy(λ)

dλj

∣∣∣∣ ≤ Cj,Nλ
−N

for any N.
Since σ is even and real-valued, σ̂ is real-valued. Moreover, (7.4) holds when y is
multiplied by e−2πiλ. Hence, y can be absorbed into a, and, thus,

σ̂(λen) = ℜ(e2πiλa(λ))

where a satisfies (7.3). Note that σ̂ is radial. Thus,

Corollary 7.5. σ̂ is a C∞ function that satisfies

σ̂(x) = ℜ(e2πi|x|a(|x|))

where ∣∣∣∣
dja

drj

∣∣∣∣ ≤ Cjr
−( n−1

2
+j)
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8. Restriction Problem

In this section, consider the Fourier transform of f : Sn−1 → C

(8.1) f̂dσ(ξ) =

∫

Sn−1

f(x)e−2πix·ξdσ(x).

Definition 8.2. For µ ∈M(Rn) such that µ has compact support, define

φ ∗ µ(x) =

∫
φ(x− y)dµ(y)

For convenience, denote µ̂(−x) by µ̌.

Proposition 8.3. For µ a compactly supported measure,

φ̂µ̌ = φ̂ ∗ µ(8.4)

φ̂µ = φ̂ ∗ µ̂(8.5)

Proof. For (8.4), it suffices to show that for ψ ∈ S,
∫
ψ̂φµ̌ =

∫
ψ(φ̂ ∗ µ)

Let Tx = −x. Then,
∫
ψ̂(x)φ(x)µ̂(−x)dx =

∫
ψ̂(−x)φ(−x)µ̂(x)dx

=

∫
((ψ̂φ) ◦ T )µ̂

=

∫
̂((ψ̂φ) ◦ T )dµ

=

∫
̂̂
ψ ◦ T ∗ φ̂ ◦ Tdµ

=

∫
ψ ∗ (φ̂ ◦ T )dµ

=

∫ ∫
ψ(y)φ̂(−x+ y)dydµ(x)

=

∫
ψ(y)φ̂ ∗ µ(y)dy

In order to show (8.5), for ψ ∈ S,
∫
φ̂µψdx =

∫
ψ̂φdµ

=

∫
̂̌φ ∗ ψdµ

=

∫
(φ̌ ∗ ψ)µ̂dx

=

∫
(φ̂ ∗ µ̂)ψdx

�



18 JE-OK CHOI

Lemma 8.6. Let µ be a compactly supported measure. For f, g ∈ S,

(8.7)

∫
f̂ ĝdµ =

∫
(µ̂ ∗ g) · fdx

Proof. Define f̃(x) = f(−x). Note that ˆ̃g = ĝ. Then,

ˆ̂
g =

ˆ̂
g̃ = g

Hence, ∫
f̂ ĝdµ =

∫
f · (̂̂gµ)dx

=

∫
f · (g ∗ µ̂)dx

�

Lemma 8.8. For µ a finite positive measure, the following are equivalent for any
q and C where 1

q
+ 1

q′ = 1

(1) ‖f̂dµ‖q ≤ C‖f‖2, f ∈ L2(dµ)
(2) ‖ĝ‖L2(dµ) ≤ C‖g‖q′ , g ∈ S
(3) ‖µ̂ ∗ f‖q ≤ C2‖f‖q′ , f ∈ S

Proof. Suppose g ∈ S and f ∈ L2(dµ). Then,

(8.9)

∫
ĝfdµ =

∫
f̂dµ · gdx

If (1) holds, then the RHS of (8.9) is ≤ ‖g‖q′‖f̂dµ‖q ≤ C‖g‖q′‖f‖L2(dµ) for any

f ∈ L2(dµ). Thus, the LHS is also ≤ C‖g‖q′‖f‖L2(dµ) for any f ∈ L2(dµ) which
proves (2).
Suppose (2) is true. Then, the LHS is ≤ ‖ĝ‖L2(dµ)‖ f‖L2(dµ) ≤ C‖g‖q′‖ f‖L2(dµ)

for g ∈ S, and, thus, so is the RHS. S is dense in Lq′

. Hence, it shows (1).
If (3) is true, then the RHS of (8.7) is ≤ C2‖f‖2

q′ for f = g ∈ S. Then, so is the

RHS, and it proves (2).
Suppose (2) holds. Then, by the Cauchy-Schwarz inequality, the LHS of (8.7) is

≤ ‖f̂‖L2(dµ)‖ĝ‖L2(dµ) ≤ C2‖f‖q′‖g‖g′ . Hence, so is the RHS, and, thus, it shows
(3). �

Theorem 8.10 (Tomas-Stein). If f ∈ L2(Sn−1), then

‖f̂dσ‖q ≤ C‖f‖L2(Sn−1)

for q ≥ 2n+2
n−1 .

Proof. By Lemma 8.8, it suffices to show that

‖σ̂ ∗ f‖q ≤ Cq‖f‖q′

Since the sphere is (n− 1)-dimensional,

σ(D(x, r)) . rn−1

From Corollary 7.5,

(8.11) |σ̂(ξ)| . (1 + |ξ|)− n−1

2

Define a C∞ function φ as follows:
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(1) supp φ ⊂ {x : 1
4 ≤ x ≤ 1}

(2) if |x| ≥ 1, then
∑

j≥0 φ(2−jx) = 1.

Such a function can be obtained by first letting χ be a C∞ function which is equal
to 1 when |x| ≥ 1 and to 0 when |x| ≤ 1

2 and defining φ(x) = χ(2x) − χ(x).
σ̂ can be written as follows:

σ̂ = K−∞ +

∞∑

j=0

Kj

where

Kj(x) = φ(2−jx)σ̂(x)

K−∞(x) = (1 −
∞∑

j=0

φ(2−jx))σ̂

Thus, K−∞(x) is a C∞
0 function, and by Young,

‖K−∞ ∗ f‖q . ‖f‖p

such that q ≥ p. Hence, for q ≥ 2, p can be equal to q′. From (8.11),

‖Kj‖∞ . 2−j n−1

2

Then,

(8.12) ‖Kj ∗ f‖∞ ≤ ‖Kj‖∞‖f‖1 . 2−j n−1

2 ‖f‖1

Let ψ = φ̂. Since σ̂ = σ̌, by Propositions 1.8 and 8.3,

K̂j = ψ2−j ∗ σ
Since ψ ∈ S, by Remark 2.4.(2),

|K̂j(ξ)| ≤ CN2jn

∫
(1 + 2j|ξ − η|)−Ndσ(η)

for each N. Hence,

|K̂j(xi)| ≤CN2jn

(∫

D(ξ,2−j)

(1 + 2j |ξ − η|)−Ndσ(η)

+
∑

k≥0

∫

D(ξ,2k+1−j)\D(ξ,2k−j)

(1 + 2j|ξ − η|)−Ndσ(η)




≤CN2jn


σ(D(ξ, 2−j) +

∑

k≥0

2−Nkσ(D(ξ, 2k+1−j)\D(ξ, 2k−j))




.2jn


2−j(n−1) +

∑

k≥0

2−Nk2(n−1)(k−j)




Note that

2jn
∑

k≥0

2−Nk2(n−1)(k−j) = 2j · 1

1 − 2n−N−1

Hence, by letting N = n,

‖K̂j‖∞ . 2j
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If K, f ∈ S,

‖K ∗ f‖2 = ‖K̂ ∗ f‖2

= ‖K̂f̂‖2

≤ ‖K̂‖∞‖f̂‖2

= ‖K̂‖∞‖f‖2

Then,

(8.13) ‖Kj ∗ f‖2 . 2j‖f‖2

By Riesz-Thorin with (8.12) and (8.13),

‖Kj ∗ f‖q . 2−j n−1

2
(1−θ)2jθ‖f‖q′

where 1
q

= 1−θ
∞ + θ

2 .

jθ − j
n− 1

2
(1 − θ) = j(θ(1 +

n− 1

2
) − n− 1

2
)

= j(θ
n+ 1

2
− n− 1

2
)

= j(
n+ 1

q
− n− 1

2
)

Hence,

‖Kj ∗ f‖q . 2j( n+1

q −n−1

2
)‖f‖q′

for any q ∈ [2,∞]. For q > 2n+2
n−1 ,

n+ 1

q
− n− 1

2
< 0

Thus, ∑

j

‖Kj ∗ f‖q . ‖f‖q′

If f ∈ S, then

K−∞ ∗ f +
∑

j

Kj ∗ f

converges pointwise to σ̂ ∗ f . Hence, by Fatou’s Lemma,

‖σ̂ ∗ f‖q . ‖f‖q′

�

9. Pointwise Estimates for Wave Equations

Consider the homogeneous wave equation

�u = 0

u[0] = (f, g)
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where � := −∂2
t + ∆, u[0] := (u, ut)t=0, and f and g have Fourier support in the

dyadic shell { 1
2 ≤ |ξ| ≤ 2}. Via taking the Fourier transform of u in the space

variable,

ûtt(ξ, t) = ∆̂u

= −(2π)2|ξ|2û(ξ, t)
by Proposition 1.15.. Moreover,

û(ξ, 0) = f̂(ξ)

ût(ξ, 0) = ĝ(ξ)

For fixed ξ, this is an ODE in t. Hence,

û(ξ, t) = cos(2π|ξ|t)f̂ (ξ) +
sin(2π|ξ|t)

2π|ξ| ĝ(ξ)

Thus, for Pointwise estimates of u, it suffices to consider

û(ξ, t) = e±2πi|ξ|tf̂(ξ)

Then, by the Fourier Inversion Theorem and Proposition 3.7.,

u(x, t) = Kt ∗ f(x)

where Kt(x) = ̂(e±2πi|ξ|t)(−x).

Proposition 9.1. Suppose f ∈ S such that supp f̂ ⊂ { 1
2 ≤ |ξ| ≤ 2}. Then,

‖u(x, t)‖L∞
x

≤ C〈t〉− n−1

2 ‖f‖L1(9.2)

‖u(x, t)‖L2
x
≤ ‖f‖L2(9.3)

Proof.

u(x, t) =

∫ ∫
e2πi(±t|ξ|+(x−y)·ξ)χ(|ξ|)dξf(y)dy

= Kt ∗ f

where χ ∈ C∞
0 is defined such that χ ≡ 1 on { 1

2 ≤ |ξ| ≤ 2} and χ ≡ 0 otherwise,

and Kt =
∫
e2πi(±t|ξ|+x·ξ)χ(|ξ|)dξ.

‖u(x, t)‖L∞
x

≤ ‖Kt‖L∞‖f‖L1

Thus, for (9.2), it suffices to show that

(9.4) ‖Kt‖L∞ ≤ C〈t〉− n−1

2

Note that |Kt(x)| ≤ C for all t. Hence, it is enough to consider only large t.
Let ξ = rθ such that r = |ξ| and θ ∈ Sn−1. Then,

Kt =

∫
e2πi(±t|ξ|+x·ξ)χ(|ξ|)dξ

=

∫
e2πi(±tr)χ(r)rn−1

∫

Sn−1

e2πi(rx·θ)dσ(θ)dr

=

∫ 2

1
2

e2πi(±tr)rn−1σ̂(rx)dr(9.5)
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By Corollary 7.5.,

Kt =

∫ 2

1
2

e2πi(±tr)rn−1e2πi|rx|a(|rx|)dr

such that |a(|rx|)| ≤ C|rx|− n−1

2 For x such that C−1t ≤ |x| ≤ Ct,

|Kt(x)| ≤ Ct−
n−1

2 ≤ C′〈t〉− n−1

2

Note that the phase function forKt is φ(x) = ∓t|ξ|−x·ξ. Hence, ∇ξφ = ∓t ξ
|ξ|−x =

0 only if |x| = t. Thus, for x such that |x| < C−1t or |x| > Ct, φ is not stationary.
By Proposition 6.12.(1), (9.4) has been shown. Then,

‖u(x, t)‖L2
x
≤ ‖Kt ∗ f‖L2

= ‖K̂tf̂‖L2

≤ ‖K̂t‖L∞‖f̂‖L2

≤ ‖f‖L2

�
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