THE METHOD OF STATIONARY PHASE

JE-OK CHOI

ABSTRACT. The method of stationary phase is a collection of techniques used
to estimate oscillatory integrals. In this paper, we prove the stationary phase
method as well as basic properties of the Fourier transform of complex-valued
measures. We then present its application in estimating Fourier transform
of the surface measure on S"~ !, demonstrating the Tomas-Stein Restriction
Theorem, and approximating the solution for the homogeneous wave equation.
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1. FOURIER TRANSFORM AND BASIC PROPERTIES

For f € L'(R"), its Fourier transform f : R™ — C is defined by
fo) = [ @)do

Definition 1.1. M(R™) denotes the space of finite complex-valued measures on
R™.

Extending the definition of the Fourier transform in L!(R™) to M(R"), define
for p € M(R™),

(6) = [ e <au(a)

Proposition 1.2. Let I'(z) = e~ I=". Then,
(1.3) () = el
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Proof.

(1.4) I'(¢) = /&mfe*ﬂz\zdx

By Fubini’s Theorem, (1.4) factors as a product of one variable integrals. Hence, it
suffices to prove (1.3) for n = 1. Note that ffooo e dy = /7, and, via the change

of variables, [ e ™ dy = 1.

B = [ e

— 00

o0
S / o (a—i€)? g
— 00

9 co—1& R
=™ / e ™ dx

—o00—1&

2 > 2
=7 / e ™ dx
— 00

Proposition 1.5. If y € M(R"), then fi is a bounded function. In fact,

llilloo < llpllarny
Proof. For £ € R",

|ﬂ@n:|/£*%”fmAM|

s/&rwwﬂﬂmw>
= || ]

Proposition 1.6. If u € M(R"), then [i is a continuous function.

Proof. For £ € R™, consider
ﬂ(§+h) _ /672ﬂiz-(5+h)dﬂ(x)

The integrand converges pointwise to e “2™**¢ as h — 0. Note that |e_2”’”'(5+h)| =
1 and |p|(R™) < co. Thus, by the Dominated Convergence theorem,

}1}1)]%/)(5 +h)= /%13% e*27‘riz-(£+h)dﬂ(x)
6727riz-£d'u(x)

£)

Il
=~

Proposition 1.7. Let e.(z) = €2>™* 7. Then,

e f(€) = f(e—7)
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Proof.

erf(S) _ /6—27rim»£e27rim»‘rf(x)dx
:/6—27rim»(£—7'f(x)dx
f(
]

Proposition 1.8. For f € LY(R"™) and T an invertible linear map from R™ to R™,
FoT =|det(T)| " fo (17"

Proof.
FoT() = [ et rapts
= |det(r)] [ e p gy
= dex() [ e
= [det(T)| ™" fo (T71)'(€)
O
Definition 1.9. Let a = (aq,...,ay) € R". « is a multi-index if its entries are
non-negative integers. For a multi-index «,
o o
D= — ... —
a ozt T Oz

n
o (%]
= H%‘
j=1

The length of a, denoted |al, is Y77, .
For multi-indices «, 3, let

a< < a; < p; for each i
a<fea<lPanda#p
Proposition 1.10. For u € M(R™) such that supp p is compact, fi is C* and
(1.11) D°p = ((~2miz)°p).

Proof. Clearly, for any o € R™, (2miz)*p is a finite measure with compact support.
Hence, by induction, it suffices to show that p is C1, and (1.11) holds for |a| = 1.

Since |a| =1, a = ¢; for some j € {1,...,n}. For £ € R", let
hes) —
h
—2miha;
-1 )
(1.12) — /%6_27”5'%1/1(:6)
By L’Hopital’s rule, L}iz]_l converges pointwise to —2mix; as h — 0.

For 6 € R, |e? — 1| < |6], since the LHS is the euclidean distance between e? and
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1 and the RHS is the arc length between them on the unit circle.
By letting 0 = —2mhx;,
6727rihmj -1
| h
Thus, the integrand in (1.12) is dominated by |27 ;| which is a bounded function
on the support of 1 and, hence, integrable. By the dominated convergence theorem,

D MZ}ILILI(IJA(h)

e—27rih;nj -1 i
_ : —2mi&-x
2 g

| < 2lay|

= /—27ri:tje_2”i5'mdu(:v)
= /(—27ri:b)0‘672”5'mdu(x)
— (~Zmin)en)
By Proposition 1.6. and (1.11), i is C*. O

Let ¢ : R — R be a C* function with the following properties.

(1) ¢(z) = Lif [z <1
(2) ¢(z) =0if [z > 2
(3) 0<¢<1
(4) ¢ is radial.

Proposition 1.13. Let ¢p(x) = ¢(%). For each multi-index o, there exists a

constant Cy, such that |D%¢| < % uniformly in k. Moreover, if o # 0, then the

support of D*@¢ is contained in the region k < |z| < 2k.

Proof. For x € R", D*¢y(x) = ey D¢(x). |D*x|l < g7 |D0l, where ||f]| =

sup,cgn | f()|. Thus, it holds with Cy = || D%¢|| O

Lemma 1.14. Suppose f is CN, Df € L' for all o such that |a] < N. Let
fx = érf. Then, for all o such that || < N,

Jim [ID% i = D fll = 0
Proof. Clearly,
Jim [[g.D%f — D*flls =0
Hence, it suffices to show that
Jim [[D" i~ 9Dl =0
By the general Leibniz rule,

Dy — uDf =Y (g) DP DB f — ¢, D f
BLa

- 3 (3)prans
0<B<a
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Hence,
| D fr. — o D f|1 < C Z 1D 61 lloc | D7 f1I L1 (sl 201
0< <L
< Ckil Z ||Da7ﬁf|‘L1({z:|x|2k})
0<B<a
which goes to 0 as k£ — oo. ([

Proposition 1.15. Suppose f is CN, D®f € L' for all o such that |a] < N.
Then, for |a| < N,

(1.16) Df(€) = (2mi€)* f(©)
Moreover,
(1.17) fl<ca+eh™

for some constant C.

Proof. Suppose f is C' with compact support. Then, via integration by parts,
;) _
/6727”1'5—']0(.%)([:6 = 2mi¢; /eiQﬂIff(a:)d:r
al'j

Thus, (1.16) holds for a = 1. By induction, (1.16) holds for |a| < N if f is CV
with compact support.

Suppose fi is defined as in Lemma 1.14.. (1.16) holds for fr. By Lemma 1.14.
and Proposition 1.5., ﬁ‘ﬁ converges uniformly to ﬁa\f as k — oo. In addition,
fr converges uniformly to f, and, hence, (2mi€)®fi, converges to (2ri¢)*f. This
proves (1.16).

By (1.16) and Proposition 1.5., &* € L™ for |a] < N. In addition, it is easy to
estimate

CRIA+IEDY < D g < O +[eDY
la]<N
Then, (1.17) follows. O

2. SCHWARTZ SPACE
Definition 2.1. The Schwartz space S is the space of functions f : R — C such
that :
(1) fis C*.
(2) x*DPf is a bounded function for each pair of multi-indices o and £3.
For f € S, define
Ifllag = 12 D° flo

Definition 2.2. A sequence {fx} C S converges in S to f € S if limg_,00 || fx —
fllas =0

Definition 2.3. C§° function is a C'*° function with compact support.

Remarks 2.4. (1) Cgc C S
(2) f €S« (1+|z)NDPf is bounded for each N and 8

Proposition 2.5. C§° is dense in S. In other words, for any f € S, there exists
a sequence { fr} C C3° such that fr, — f in S.
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Proof. Define ¢y as in Proposition 1.13. and consider f;, = ¢ f, which is clearly in
Cg°. It needs to be shown that

2*DP (¢ f) — x*D° f
uniformly as k — oo.
|2°DP (¢r f) — 2°DP flloo < lopz* D f — 2°DP flo + |2*(DP (¢1f) — o6 D" f)|| oo

Then, the first term in the RHS is bounded by sup, >, |lz%D? f| which goes to zero
as k — oo. By the Leibniz rule, the second term is bounded by

(2.6) C > e D7 fllocl D7 | oo

<8
Since f € S, |#°D7 f||« is bounded, and || D7 ¢y s < % Hence, (2.6) goes to
zero as k — oo. 0

Definition 2.7. A C§° tensor function is a function f : R™ — C of the form
fa) =] (=)
J

where each ¢; € C°(R).
Proposition 2.8. Linear combination of C§° tensor functions are dense in S.

The proof for Proposition 2.8. is given in [1].

3. FOURIER INVERSION AND PLANCHEREL

Convolution of ¢ and f is defined as follow:
o5 f@) = [ o)1~ iy
Let ¢ € S and suppose that [ ¢ = 1. Define

¢°(x) = € "d(e ')

Note that [ ¢¢ =1 for all e. The family of functions {¢¢} is called an approzimate
identity. The proof of the following lemma can be found in a standard book on real
analysis.

Lemma 3.1. (1) If f is a continuous function which goes to zero at oo, then
o x f — [ uniformly as e — 0.
(2) If fe LP, 1 < p < oo, then ¢ * f — f in LP as e — 0.

Lemma 3.2 (Duality). Suppose that p € M(R™) and v € M(R™). Then,

/ﬂdi/ = /ﬁdu
In particular, for f,g € L',

[ f@a@e = [ s@itis
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Proof. By Fubini’s theorem,

[ = [ [ umane
- / / ¢2E gy (€) dp(x)
:/ﬁd,u

Theorem 3.3 (Fourier Inversion). Suppose that f € L* such that f is also in L*.
Then, for a. e. x,

O

(3.9 f@) = [ Fe@endg
Equivalently,
(3.5) f(x) = f(~z) for a.e. x

Proof. By Proposition 1.2., the gaussian I'(z) = e~"I*|" satisfies (3.5). Define
Fe(.’IJ) — 6771'€2|I|2

Then, by Proposition 1.8.,

s

(3.6) T(§) =eme ™

Applying Proposition 1.8. again, T, satisfies (3.5).
Consider the integral in (3.4) with a damping factor included:

z) = / eIl emier g

The limit as € — 0 is evaluated in the following ways.

(1) Since f € L', by the dominated convergence theorem, I ( — [ f(&)e2miszqge
as € — 0 for each fixed z o
(2) For fixed z and &, let g(&) = e~ ™ 21722 Then,

0= [ fws
by the Duality relation. g(&) = e, (§)I'c(§). Thus, by Proposition 1.7. and
(3.6),
9(y) =Te(y —2) =T(z —y)
where I'*(y) = ¢ "T'(£). The last equality holds since I is even.
Hence, I. = f * . By Lemma 3.1., I. — f in L' as ¢ — 0.

I, converges pointwise to [ f(£)e?™*€d¢ and converges in L' to f, which is only
possible when (3.4) holds. O
Proposition 3.7. For f,g € L',

frg="fa
In addition, for f,g € S,
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—

736 = ([ 1ate ~vyan)

/ e 2mime < / fy)g(z — y)dy> dzx

= [zt ([ e sya = gyas ) ay
/
f

e (1)g(€)dy

For f,g € S,

fra(—€) = F(-©)§(—€)
= f(§)g(§)

By the Fourier Inversion Theorem, f * g = }"E

Theorem 3.8 (Plancherel). If u,v € S, then

[ii=[uw

Proof. By the Fourier Inversion theorem,

/u(:v)ﬁ(x)dx = /ﬁ(—x)ﬁ(m)dw

By the duality relation,

/uUZ /éf}
z/uv
:/ﬁ@
Corollary 3.9. For f € S,
12 =11f]2

Proposition 3.10. For ¢ € S and v = j + fdx where v € M(R") and f € L?,

(3.11) /m/) = /J;dy
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Proof. The case where f = 0 is shown by the Duality relation. Hence, it suffices to
show that

o [u=[si

for f € L? and ¢ € S. The duality relation shows that (3.12) holds for f € L' N L2
By the Plancherel theorem, both sides are continuous on f for fixed ¢. Thus, (3.12)
is true for f € L2. ]

4. DISTRIBUTIONAL FOURIER TRANSFORM

Definition 4.1. f € L}, (R") is a tempered function if

loc

[+ 1ah M s@lde < oo
for some constant N.

Definition 4.2. If f and g are tempered functions, g is the distributional Fourier

transform of f it
/ 90 = / fo

Note that by Proposition 3.10., for f € L' + L?, its L' 4+ L2-Fourier transform
is the same as its distributional Fourier transform.
Let T be an invertible n x n real symmetric matrix. The signature of T is k4 — k_
where k; and k_ denote the numbers of positive and negative eigenvalues of T,
counted with multiplicity, respectively. Moreover, let

for all ¢ € S.

GT(.’II) _ e—ﬂ'i<T;E,;E>
For z € R", |Gr(z)| = 1, and, thus, G is tempered.

Proposition 4.3. Let T be an invertible n xn real symmetric matriz with signature
o. Then Gt has a distributional Fourier transform, which is equal to

e~ ™% | det T|_%G,T71
Proof. Tt is equivalent to show that for ¢ € S
(4.4) /67”<Tx’x>¢;(a:)d:1: = e ™| detT|7% /e”<T711’z>¢(:17)da:.
Consider n = 1. Let 1/z be the principal square root function defined on complex

numbers whose argument values are in the range (—m,7]. Hence, v/+i = eET
Then, (4.4) is equivalent to

(4.5) [emowin = [ s
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for ¢ € S and z a non-zero pure imaginary number.

Ifz=1,
[emome = [ [emtemirggayas
-/ ( / ~amizy e dy) o(y)dy
= [ oty
_ / ™ 3(z)dx

Note that the third line follows from Proposition 1.2..
For z € R such that z > 0,

(4.6) [ - = = [ i

By Proposition 1.8., R
o \f) =z 9(y)

where ¢(y) = ¢(/zy). Then, (4.6) equals

Both sides of (4.5) are analytic in z for $(z) > 0 and continuous in z for R(z) > 0

such that z # 0. Hence, by analytic continuation, (4.5) has been shown.

Consider n > 2. For U € SO(n), ¢/c->\U =doU if ¢ € S by Proposition 1.8..
Let S = UTU'. Then, S and T have the same determinant and the same signa-

ture. Suppose (4.4) holds for T'. Then,
/e—m<sm,m>¢;($)dx :/e—wi<TU’lm,U’lm>¢g(x)dx
:/e—ﬂ'i<T;E,;E>¢E(U$)dI
:/efﬂ'i<Tx,x>¢/o\U'($)dx

= TiE |detT|7% /e”<T71m’m>¢) oU(zx)dx

:e””‘%|detT|7%/e”<T71U711’U711>¢(x)d:c

= e_m%|det5’|_% /em<s71w’m>¢(x)d:c

(4.7)

Thus, it suffices to prove (4.4) when T is diagonal. If ¢ is a tensor function, then the

integrals in (4.4) factor as products of one variable integrals. Hence, (4.

4) follows
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immediately from (4.5). Since integration against a tempered function defines a
continuous linear functional on &, the general case follows from Proposition 2.8.. O

5. RIESZ-THORIN THEOREM AND YOUNG’S INEQUALITY

Theorem 5.1 (Riesz-Thorin). Let T be a linear operator whose domain is LP°+ LP1
where 1 < p, < p1 < 00. Assume that f € LP° implies

1T fllgo < Aoll fllo
and f € LP* implies

1T fllgr < Adllflln
for some 1 < qo,q1 < 0o. Suppose that for 6 € [0,1],

1 1-46 0
_ = + —
p Po b1
1 1-46 0
N + —
q q0 q1

Then, f € LP implies
ITfllg < Ag~ AN flp

The proof for Riesz-Thorin can be found in [3].
For 1 < p < oo, p’ is defined such that

1 1

p p
Proposition 5.2 (Young). Suppose ¢ € LP and b € L" such that 1 < p,r < oo
and % + % > 1. Let % = % — % Then, ¢ =1 is absolutely convergent for a.e. x,
and

6% ¥llq < llpllellr
Proof. Fixing ¢, let
Ty =9¢x*y
Then, T : L' + LP" — LP + L™ such that
179 < ll@llpllellh
1T¢lloo < 10llpll%]lpr
Let § =1 — £ €0,1]. Then,
1_1-0._9
ro1 P
1 1-6 0
=4
q p o0

Hence, the result follows from Riesz-Thorin. O
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6. STATIONARY PHASE

Definition 6.1. For ¢ a real-valued C* function and a a C§° function,

I\ = /efﬂi)‘“b(z)a(:zr)da:.

Remark 6.2. Suppose G is a smooth diffeomorphism such that ¢; = ¢2 o G where
¢1 and ¢ are real-valued C* functions. Then,

/e_m’\@(m)a(x)d:c = /e_mwl(cilm)a(x)d:c
= / e AN Wa(Gy)d(Gy)

:/e_mx¢1(y)a(Gy)|Jc(y)|dy

where Jg is the Jacobian matrix containing the partial derivatives of G. Since the
function y — a(Gy)|Ja(y)| is C§°, any bound for I(\) that is independent of choice
of a is “diffeomorphism invariant”.

Lemma 6.3 (Straightening Lemma). Suppose Q C R™ is open, f:Q — R is C°,
and p € Q such that V f(p) # 0. Then, there are neighborhoods U and V of 0 and
p, respectively, and a C*° diffeomorphism G : U — V such that G(0) = p and
foG(z) = fp)+zn

Lemma 6.4 (Morse Lemma). Suppose  C R™ is open, f:Q — R is C®, p € Q
such that Vf(p) = 0, and the Hessian matriz Hy(p) = (%(p)) is invertible.
Then, for a unique k, there are neighborhoods U and V' of 0 and p, respectively,
and a C* diffeomorphism G : U — V with G(0) = p and

k n
(6.5) foG)=flp)+ Y aj— Y ]
=1 j=k+1
The proofs for the Straightening Lemma and the Morse Lemma can be found in
[4].

Proposition 6.6 (Nonstationary Phase). Suppose Q C R™ is open, ¢ : Q@ — R is
C*, and p € Q such that Vo(p) # 0. If a € C3° has its support in a sufficiently
small neighborhood of p, then, for all N € N, there exists Cn such that

(6.7) [IN)] < Cna™™

Proof. By the Straightening Lemma and Remark 6.2., it suffices to show for ¢(x) =
c+ x,

I\ = /e_”’\‘i’(””)a(:t)d:t
:/e—ﬂ'i)\(c-i-mn)a(x)dx
_ €7ﬂi)\c/€7ﬂi)\z.e"a($)d$

. A
_ 6_7”)\061/(56”)

Then, (6.7) follows from Proposition 1.15.. O
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Proposition 6.8. Let T be a real symmetric invertible matriz with signature o.
For a € C§°, define

I(/\) :/e—ﬂik<Tm,m>a(I)dI
Then, for any N,

N
I() = e ™5 [det T|72A7% | a(0) + Y A7D;a(0) + O(A~V+)
j=1

where D; are certain explicit homogeneous constant differential operators of order
27, depending only on T', and the implicit constant depends only onT" and on bounds
for finitely many Schwartz space semi-norms of a.

Proof. By Proposition 4.3.,
I(\) = €7m‘%|det T|*%)f% /ewiA*1<T’1g7§>d(§)d§

Using Taylor’s theorem for %@,
N

Sy —1 -1 j 2N+2
TN <T e e (7TZ/\ <T 5,5 >) |§|
¢ =D ;1 +O0(5Fm
Jj=0
uniformly in & and A. Thus,
N . .
R A TNl < T € >) g)PN+2
/e VST a(g)de = /a(&) T i Lot | ae
Jj=1

By the Fourier inversion theorem, [ a(£)d¢ = a(0). Moreover,
. T < T*1§,§ >)J
JEGEE—

is the value at zero of D;a for an appropriate differential operator D; by Proposition
1.15.. Also,

/ a(€) |2V +2de

is bounded in terms of Schwartz space semi-norms of a, and, thus, in terms of
derivatives of a. O

Lemma 6.9. Suppose that ¢ is smooth, Vé(p) =0, and G is a smooth diffeomor-
phism such that G(0) = p. Then,

Hyoc(0) = DG(0)' Hy(p) DG(0)
Hence, Hy(p) and Hpo(0) have the same signature, and
det(Hyo(0)) = Ja(0)? det(Hg(p))
Lemma 6.9. clearly follows from the chain rule.

Proposition 6.10. Let ¢ be a C™ such that Vo(p) = 0 and Hy(p) is invertible.
Let o be the signature of Hy(p), and let A = 27" det Hy(p)|. Let a be C3° and
supported in a sufficiently small neighborhood of p. Define

I\ = /e_”)“i’(m)a(:v)d:v.
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Then, for any N,

o

N
I = e ™MW ATENE [a(p) + Y ATDja(p) + O V)
j=1

where D; are certain differential operators of order 25 with coefficients depending
on ¢, and the implicit constant depends on ¢ and on bounds for finitely many
derivatives of a.

Proof. Via replacing ¢ with ¢ — ¢(p), assume that ¢(p) = 0. Choose a C*° diffeo-
morphism by Morse lemma, and, thus,

10) = [ e ™19 0(Gy) e (w)dy

where T is a diagonal matrix with entries 1 and signature o, by (6.5). Since
|det Hp(0)| = 27, |Jg(0)] = A== by Lemma 6.9.. Let D; be associative with T as
in Proposition 6.8., and let b(y) = a(Gy)|Ja(y)|. Then, by Proposition 6.8.,

N
I(A) = e ™A% [ b(0) + Y AID;b(0) + O(A~NFD)
j=1
Note that b(0) = |J(0)]a(p) = A~za(p). Hence,

N
I(\) = e ™EATENTE [ a(0) + Y ATTATD;H(0) + O(A~NFY)
j=1
From the chain rule and the product rule, 2j-th order derivative of b at 0 can
be expressed as a linear combination of derivatives of a at p of order < 2j with
coefficients depending on G, and, thus, on ¢. In other words, A%Djb(O) can be

expressed in the form ’ﬁj a(p) where f)j is a new differential operator of order < 2j
with coefficients depending on ¢. O

Lemma 6.11. Let {¢;}M, be real-valued smooth functions and assume that ¢;(p) =
0 and Vo;(p) =0. Let & = Hlj\il ¢;. Then, all partial derivatives of ® of order less
than 2M also vanish at p.

Proof. By the product rule, any partial D*® is a linear combination of terms of

the form

M

[10%0:

i=1
with ). 3; = a. Since |a| < 2M, some |§;| < 2. Thus, all such terms vanish at
p. (I

Proposition 6.12. (1) Assume that V(p) # 0. Then, for a supported in a
small neighborhood of p,

dI(N)

i —N
| < G

for any N.
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(2) Assume that Vo(p) =0, and Hy(p) is invertible. Then, for a supported in
a small neighborhood of p,

dk T —(2

’W(e ,\<z>(p)1()\))’ < OpN(E1R)

Proof. (1) clearly follows from Proposition 6.6 after differentiating under the inte-
gral sign. Differentiating under the integral sign,

dk
d\k
Let b(z) = (¢(z) — ¢(p))*a(x). By Lemma 6.11, all partial derivatives of b of order

less than 2k vanish at p. By replacing a with b and setting N = k—1 in Proposition
6.10, D;b(p) vanishes when j < k as well as b(p). Thus,
dk

W(eﬁiw(p)[()\)) =0\~ (EHR)

(eﬂ-i)\qb(p)j(/\)) _ (—Wi)k /(Qb(x) _ ¢(p))ka(x)efwik(¢(m)f¢(20))d:c

7. FOURIER TRANSFORM OF THE SURFACE MEASURE ON S"~1

Proposition 7.1. Suppose that ¢ : R™ — R is smooth, M is a k-dimensional
submanifold, p € M, and F : U — M s the inverse of a local coordinate near p.
Then, ¢ o F have a critical point at F~p if and only if V¢(p) is orthogonal to the
tangent space to M at p.

Proof. ¢ o F have a critical point at z = F~!p if and only if V(¢ o F) = 0 at . By
the chain rule, it is equivalent to say that Vo(F(z)) - 0;F(z) = 0 for all 4. Since
F(z) = p, Vo(p) - 0;F(z) = 0 for all . {0;F(x)} span the tangent space to M at
p. Thus, the equivalence has been established. ([l

Let o be the surface measure on the sphere S"~! C R™. Since o is rotational
invariant, & is radial and smooth by Proposition 1.6. Thus, it suffices to consider
d(Xey) where e, = (0,...,0,1) and A > 0.

Put local coordinates on the sphere as follows:

e The first local coordinate is the map

z— (z,/1— [z]?)
R™' 5 D(0, %) — gnt

e The second local coordinate is the map

z— (2, =1 2[*)

1
R™! 5D(0, 5) — gnl

e The remaining local coordinates map onto sets whose closures do not con-

tain {te,}.
Let {q; }?:1 be a suitable partition of unity subordinate to the covering by these
local coordinates. Define ¢ : R — R by ¢(z) = e, - . Hence, V¢ = e,, and is
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normal to the sphere only at +e,,. Then,

d(xen) :/672””"“(10(:6)
_i / =2 Nen Ty (2 do(x)

:/ e—2miAy/1-z[? a1 () d:c—i—/ p2miNy/1-[? az () da
D(0,%) D(o

V1—|zf? ) V1|2
k
—I—Z/e*%iwﬂ'ag—(x)dm
=3

where the dz integrals are in R"~!, and the phase functions ¢; for j > 3 have no
critical points in the support of a;. For 1 <1i,5 <n —1,

2 ——d (21— ri— L) ifi=j
W S o A AR v e
0x;0x S LA — if i # j

(A=22, 23)%/?
Thus, at the origin, the Hessian of 24/1 — |z|? is (—2)I,,—1, which is invertible.
{g}(x) 2?:1 such that ¢}(z) = ¢j(z1,...,2n) = qj(21, ..., Tn_1, —T,) is also a parti-
tion of unity subordinate to the covering by these local coordinates. Hence, assume
that a1 (z) = az(x). Then, the first and second terms are complex conjugates. From

Proposition 6.12, it follows that

(7.2) d(hen) = R a(N) +y(N)
such that

o)) (254
(7.3) W‘ < CjA J
and

dIy(N) _

(7.4) oY ’ <COjnAY
for any N.

Since o is even and real-valued, & is real-valued. Moreover, (7.4) holds when y is
multiplied by e=2™*. Hence, y can be absorbed into a, and, thus,

G(Xen) = R(e*™Aa(N))
where a satisfies (7.3). Note that & is radial. Thus,
Corollary 7.5. ¢ is a C*° function that satisfies

5(x) = R(e*™la(|]))

where
d’a

z= e )
dri Gy

— ]
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8. RESTRICTION PROBLEM

In this section, consider the Fourier transform of f : S"~! — C

(8.1) Fio(e) = / F(@)e 2 do ().

Sn—1

Definition 8.2. For y € M (R") such that p has compact support, define
¢ p(x) = /¢(w — y)du(y)

For convenience, denote ji(—x) by fi.
Proposition 8.3. For u a compactly supported measure,
(8.4) Ol = ¢ pi
(85) on = fi
Proof. For (8.4), it suffices to show that for ¢ € S,

o= [véen
Let Tx = —x. Then,

[i@o@i(-ade = [ d(-z)6(-pa)ds
- [(@oyemia
~ [ (oo )an
- / boT+doTdy
~ [vxGom)an
— [ [ 6wt + ydyauta)

= /w(y)<f5 * p(y)dy

Tn order to show (8.5), for ¢ € S,
[ oz = [ dodu
= / mdu
~ [Grwys
~ [ vis

17



18 JE-OK CHOI

Lemma 8.6. Let p be a compactly supported measure. For f,g € S,

(8.7) [ fadn= [@v9)- so

Hence,

O

Lemma 8.8. For p a finite positive measure, the following are equivalent for any
qandC’where%—l—%:l

(1) || Fdpllq < Ol fll2, f € L(dp)

(2) Ngllc2@w < Cllglla g €S
(3) s fllg < C?lfllgs f €S

Proof. Suppose g € S and f € L?(du). Then,
(89) [asau= [ Fau-gis

If (1) holds, then the RHS of (8.9) is < ||qu/||f6-17LHq < Cllgllg 1fl2(dpy for any
f € L*(dp). Thus, the LHS is also < C||gllq || f||2(ap) for any f € L?(du) which
proves (2).

Suppose (2) is true. Then, the LHS is < |[gl|z2(aw |l fllz2(an) < Clgllg !l fllz2aw
for g € S, and, thus, so is the RHS. S is dense in L7 . Hence, it shows (1).

If (3) is true, then the RHS of (8.7) is < C?||f||2, for f = g € S. Then, so is the
RHS, and it proves (2).

Suppose (2) holds. Then, by the Cauchy-Schwarz inequality, the LHS of (8.7) is
< Hf||L2(d#)HQ||L2(d#) < C?[|fll¢llglly- Hence, so is the RHS, and, thus, it shows
(3). O
Theorem 8.10 (Tomas-Stein). If f € L*(S"71), then

I fdollg < Cllfllzz(sn-1)
for ¢ > 2n£2,

n—1

Proof. By Lemma 8.8, it suffices to show that
6 fllg < Cll fllo

Since the sphere is (n — 1)-dimensional,
o(D(z,r)) 77"
From Corollary 7.5,
. _n-1
(8.11) 6Ol S A+ 2

Define a C* function ¢ as follows:
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(1) suppp C {z: 1 <z <1}
(2) if |z] > 1, then 3 - #(27z) = 1.
Such a function can be obtained by first letting x be a C*° function which is equal

to 1 when |z| > 1 and to 0 when |z| < § and defining ¢(z) = x(2z) — x().
& can be written as follows:

where

Kow(n) = (1= ¢(22))s
j=0

Thus, K_(z) is a C§° function, and by Young,

Koo * fllg S I fllp
such that ¢ > p. Hence, for ¢ > 2, p can be equal to ¢’. From (8.11),

_jn=1
[Kjlloe S 27772

~

Then,

_jn=1
(8.12) [ * flloo < 1K llooll fI S 27772 [ £l
Let ¢ = (;3 Since 6 = &, by Propositions 1.8 and 8.3,

Kj = 1/)27j *x 0
Since ¢ € S, by Remark 2.4.(2),

K51 < Ow2™ [(14 2~ n) N dota)

for each N. Hence,

|Kj(wi)] <On2" (/D(E 2ﬂ_)(l +27|¢ = n)"Ndo(n)

+ (1+27|¢ =)~ Ndo(n)

k>0 /[’(5’2k+1j)\D(5,2’“j)
<On2™ | o(D(,277) + Y 27 Vg (D(g, 2T )\ D¢, 257))
k>0

<gin | 9g=iln=1) 4 Z 9—Nkg(n—1)(k—j)
k>0

Note that )

in —Nko(n—1)(k—73) _ oJ
97 22 9(n=1)( J)_QJ.W

k>0
Hence, by letting N = n,
[Kjlloo <27
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IfK, fes,
[ fll2 = 1K = f]2
= K fll2
< Kool fl2
= | Kool fll2
Then,
(8.13) 1K+ fll2 < 27(1f]]2

By Riesz-Thorin with (8.12) and (8.13),

1K * fllg S 27757 =927 7|l

1_1-6 , 6
WhGrGE:?‘Fa-
_ n—1 . n—1 n—1
J0 = 1=0)=50O0+—5—)~—5—)
n+1 n-—1
:.9 -
10— )
.n+1 n-—1
= J( -
q
Hence,
(n+l_n—1
1K % fllg S 277 720 flly
for any ¢ € [2, 00]. For g > 2242,
n+1_n—1<0
q 2
Thus,
S K flg Sl
J
If fe S, then

K_Oo*f—i—ZKj*f

converges pointwise to & * f. Hence, by Fatou’s Lemma,

16 fllg S 1 lar

9. POINTWISE ESTIMATES FOR WAVE EQUATIONS
Consider the homogeneous wave equation
Ou=20
ul0] = (f,9)
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where O := =07 + A, u[0] := (u,ut)i—0, and f and g have Fourier support in the
dyadic shell {3 < |¢| < 2}. Via taking the Fourier transform of u in the space
variable,

U (§,t) = A\U
—(2m)*[¢[*a, 1)
by Proposition 1.15.. Moreover,
a(¢,0) = f(€)
(€,0) = g(8)
For fixed &, this is an ODE in ¢. Hence,
. 5 sin(2m|&¢)
w(&,t) = cos(2m|Eft) f(&) + ————=
(€.0) = cosC2rln) fl€) + TS
Thus, for Pointwise estimates of u, it suffices to consider
a(g,t) = eI f(g)
Then, by the Fourier Inversion Theorem and Proposition 3.7.,
u(z,t) = K¢ = f(x)
where Ky(z) = (eX2rilélt)(—g).

9(6)

Proposition 9.1. Suppose f € S such that supp f C {3 < €| <2}. Then,

(9.2) lu(z, )|z < CE~ T | £l
(9.3) u(z, t)l| 2 < /]2
Proof.

ule, 1) = / / FTCHIEH =€) ((€))de f(y)dy
=Kix f

where y € C§° is defined such that x =1 on {3 < [¢] < 2} and x = 0 otherwise,
and J; = [ 2Oy (¢])de.

lu(z, )| < [l poe | f] 21
Thus, for (9.2), it suffices to show that

(9-4) [ K|l < C()™ =

Note that |K:(z)| < C for all ¢t. Hence, it is enough to consider only large t.
Let ¢ = rf such that r = |¢| and @ € S"~1. Then,

K, _/ 2mi(£t|€]|+x-§) (|§|)d§

/ 27 ( itr P 1/ eQTri(rm»O)dU(e)d,r
gn—1
(9'5) / 2m(:|:tr) n—1x (T:Z?)d’l’
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By Corollary 7.5.,

2
K, = / e?fri(itr)T,n—1€27ri\r;ﬂ|a(|rxl)dr
1

2

such that |a(|rz|)| < C|rz|~ "= For x such that C~1t < |z| < Ct,
[Ki()] < O "5 <0/t~

Note that the phase function for K, is ¢(z) = Ft|§|—x-§. Hence, Ve = $t|§—| —x =
0 only if |#| = t. Thus, for o such that |z| < C~'t or |z| > Ct, ¢ is not stationary.
By Proposition 6.12.(1), (9.4) has been shown. Then,

Ju(@, )|z < || K * fllLe
= HthHL?
< Kl [ fll 2

<l fNlze
(]
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