INVARIANT PROBABILITY DISTRIBUTIONS

BOTAO WU

ABSTRACT. In this paper, we attempt to answer the three questions about the
invariant probability distribution for stochastic matrices: (1) does every sto-
chastic matrix have an invariant probability distribution?; (2) is the invariant
probability distribution unique?; and (3) when can we conclude that the power
of a stochastic matrix converges? To answer these questions, we present the
Perron-Frobenius Theorem about matrices with positive entries.
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1. BACKGROUND OF PRABABILITY AND MARKOV PROPERTY

Let A and B be two events. The conditional probability of A given B, denoted
by Pr{A|B}, is defined by

Pr(An B)

Pr{A|B} = ————=
Let X,, be a discrete-time stochastic process, by which we mean a sequence
of random variables indexed by time n = 1,2,---. Suppose that the process takes

values in the set S = {1,--- , N}. We call the possible values of X,, the states of the
process. In this paper, we restrict our attention to an important class of processes,
called Markov chain. Roughly speaking, a Markov chain is a process with the
property that given the present state, the future and past states are independent.
We state the following definition:

Definition 1.1. A Markov chain is a sequence of random variables X1, X5, X3,
-+, such that

Pr{X,41 =2|X1 =21, Xo = 29,..., Xy = 2} = Pr{Xy 41 = 2| X, = 2, }.

We also assume another important property, called time-homogeneity. This prop-
erty states that the transition probabilities do not depend on the time of the process.
Formally, we have the following definition
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Definition 1.2. A time-homogenous Markov chain is a Markov chain that satisfies
Pr{Xn1 = j|X, =i} = Pr{Xs = j|X; = i}
for all n > 1.
Thus, we can define transition probabilities p(i,j) and p,(i,7) by
p(i,j) = Pr{Xy41 = j|Xi = i},

and

pn(iuj) = Pr{Xn-‘rk = .]|Xk = Z}

2. THE EXISTENCE OF INVARIANT PROBABILITY DISTRIBUTION

A (right) stochastic matriz Q is a square matrix each of whose rows consists of
non-negative real entries Q(7, j) with each row summing up to 1, i.e, Zj Qi,j) =1.

Given a Markov chain with transition probabilities p,(i,7), we can define its
(n)th transition matriz, denoted by P,, to be the stochastic matrix with entries

and we write P = P;. Note that

pn(ihj) = Zp(i’ k)p(nfl)(kvj)v
k

which follows from the definition of a time-homogenous Markov chain. Using in-
duction, one can show P, = P".

A row vector ¥ is a probability vector if all the components are non-negative
and sum to 1. A probability vector 7 is an invariant probability distribution for
stochastic matrix P if 7P = 7. In other words, an invariant probablity distribution
of P is a left eigenvector of P with eigenvalue 1.

Lemma 2.1. Any stochastic matriz has at least one invariant probability distribu-
tion.

Proof. We can check that for any stochastic matrix P, the vector

1/n
m=|
1/n
is always a right eigenvalue of P with eigenvalue 1.
Let
P11 P12 - Pin

P21 P22 -+ P2n
P = . . .

Pn1 Pn2 - Pnn
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with Z]‘ pij = 1. Then ,

P11 P12 ' Pin 1/n
. P21 P22 - Pon :
bPmy = : o .
Pn1 Pn2 - Pnn l/n

1/ny2;pij

1/n2j Pnj
1/n

= =75
1/n

Thus, at least one left eigenvector with eigenvalue one exists.
O

Generally speaking, the invariant probability distribution is not unique. For
10
0 1

U= ( x 1—=x ) with any real number z, we have

P ( a 1;,;)((} (1)):( v 1-2)=4

example, consider a stochastic matrix P = ( ) For any probablity vector

3. THE UNIQUENESS OF INVARIANT PROBABILITY DISTRIBUTION

The Perron-Frobenius Theorem ensures that for a matrix with strictly positive
entries, the invariant probability distribution is always unique. Before we state the
theorem, we give the following definition.

Definition 3.1. For vectors ¥ = (v, - ,v,) and @ = (uq,--- ,uy,), we have ¥ > @
if v; > w; for each i, and ¥ > « if v; > u; for each i.

Theorem 3.2 (Perron-Frobenius Theorem). Let P be an n x n matriz with positive
entries. Then P has a dominant eigenvalue o such that

(1) o> 0, and its associated eigenvector has all positive entries;

(2) Any other eigenvalue k of P satisfies |k| < «;

(3) a is simple;

(4) P has no other eigenvector with all non-negative entries.

We complete details of the proof as outlined in [1].

Proof. Let P = (p;;) be a n x n matrix with p;; > 0. If & > 0, and @ # 0, then it is
easy to show that P7 > 0. Define G := {\ > 0: PG > \dfor ¥ € [0,00)" and T #
0}. Let o be the maximum in G. Then we have: P# > @ for some 7 € [0, 00)".

We claim that actually we have Pv = at for some ¢ with positive entries.
Suppose not, then P — ot > 0. Given pi; > 0, we have P(P%¥) — at > 0. Thus,
there exists o/ > o > 0 such that P(P%) — o/ (P%) > 0.
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Since we proved P7 > 0, then P7 € [0,00)". Thus, o’ € G, contradicting that o
is the maximum in G. Thus P7 = at. Thus we can write ¥ = Pv/«. Since Pv > 0,
and « > 0, we have ¥ > 0. This proves (1).

Next, we prove that there is a unique ¢ such that Pv = at. If not, suppose
Pw = au for @ distinct from any constant multlple of ¥. By ( ), we know that
@ > 0. Then there exists ¢ € R such that @ + ¢t > 0, @ + @ #* 0, and @ + ¢¥ has
zero entries.

Since Pw = aw, and ¢P¥ = P(c¥) = ca(v) = a(ct), we have Pu + P(cv) =
ol + a(ct). That is, P(@ + ¢0) = a(@ + ¢¥). Now since @ + ¢ > 0, we have
P(% + ¢¥) > 0. Thus, a(@ + ¢#) > 0. In particular, @ + ¢7 > 0 given a > 0, which
is contradiction.

Now suppose that PW = k& for k # A. Then |k||W| = |kw| = |Pw| < |P||w]| =
P|&|, where || = (Jwi], ..., |wn|). Therefore, |k| € G, and hence |k| < a. This
proves (2).

To prove (3), let B be any (n — 1) x (n — 1) submatrix of P. We claim that all
the eigenvalues of B have absolute value strictly less than a. Our claim rests upon
the following lemma:

Lemma 3.3. If0 < B < P, the every eigenvalue B of B satisfies |8] < a.

The proof of this lemma follows the same reasoning as the proof of (1) and (2).
We leave the proof of this lemma as a simple exercise to the readers. The hint is
that given 0 < B < P and BZ = 87 for some Z # 0, we have |3||Z] < B|Z| < P|Z].
Hence, |B| € G and |B| < «. For the details of the proof of Lemma 3.3, readers
should consult [3].

Now consider f()\) = det(\ — P). Expanding det(\ — P) along its i*" row, we
have 9 det(\ — P) = det(A — P;), where P; is the matrix obtained by eliminating
the i*" row and i*" column of P. Thus, by chain rule, f'(\) = “Ldet(A\ — P) =
Yoi, det(A — P;). By Lemma 3.3, we see that each of the matrices af — P; has
strictly positive determinant. That is, f'(«) > 0, and therefore « is simple. This
proves (3).

Now we apply (1),(2), and (3) to PT, which has the same eigenvalues as P. Then
there exists a non-negative and non-trivial @ such that P71 = M. Suppose his
another non-negative eigenvector of P with eigenvalue ' # ), that is, PTh = )\h.
Then X (@, h) = (&, PTh) = (PT@, k) = A&, l_i> Since N # A, we can only have
(w0, h) = 0, which is impossible, if both @ and h have all non- negative entries.

Thus, the invariant probability vector is unique given the stochastic matrix has
positive entries. O

4. THE CONVERGENCE OF STOCHASTIC MATRICES

The Perron-Frobenius Theorem about stochastic matrices with positive entries
does not cover all matrices with an invariant probability distribution.
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P:<172 1}2)'

1/2 1/2
1/4 3/4
ues of P" is the n'* power of the eigenvalues of P, and the eigenvectors of P™ are
the same as those of P, we can easily conclude the following:

For example, consider

We observe that P? = ( ) with all positive entries. Since the eigenval-

Proposition 4.1. If P is a stochastic matriz such that for some n, P"™ has all
strictly positive entries. Then P satisfies the conclusions of the Perron-Frobenius
Theorem.

We now attempt to characterise such P.

We say that two states ¢ and j of Markov Chain communicate with each other if
there exist m,n > 0 such that p,,(4,7) > 0, and p,(j,7) > 0. In this case, we write
(i  J).

Lemma 4.2. If (i > j) and (i <> k), then (i < k).

We follow the proof presented in [1]

Proof. If ppy, (4,7) > 0, and py,, (4,7) > 0, then

PT’{Xm1+m2 = k|X0 = 7’}

Pr{Xm1+m2 = kva1 = J‘XO = Z}

Pr{Xml = J‘XU = i}Pr{Xﬂthmz = k|X0 = .7}
Prmy (45, §)Pmsy (4, k) > 0

Pmi+ma (iv k)

v 1l

O

Remark 4.3. Lemma 4.2 gives transitivity, so that («+») is an equivalence relation.
This equivalence relation partitions the state space into disjoint sets called commu-
nication classes.

If there is only one communication class, then the chain is called irreducible. This
is the case when for any i and j, there exists n = n(i, ) with p,(z,7) > 0. Suppose
that P is a matrix for an irreducible Markov Chain. We define the period of state i,
denoted d = d(i), to be the greatest common divisor of J; = {n > 0: p,(i,7) > 0}.
Note that J; is closed under addition; that is, if p,,(i¢) > 0 and p,(i7) > 0, then
Dman (1) > pm(i4)py (it) > 0. We call an irreducible matrix P aperiodic if d = 1.

Lemma 4.4. If P is irreducible and aperiodic, then there exists M > 0, such that
for alln > M, P™ has all entries strictly positive.

We present the proof of Lemma 4.4 cited in [1]

Proof. Since P is irruducible, for any (4, j), there exists m(i, j) so that pp,; j(ij) >
0. Since P is aperiodic, there exists M (7) such that for all n > M (i), p,(i,i) > 0.
Thus, for any n > M (i), ppim(iz)(i5) = Pu(i, 5)Pm,g) (i, 5) > 0. Since the state
space is finite, we can consider the maximum value M of M (i) + m(ij) over all
(7,7). Then for any n > M and for all (i,7), pn(4,5) > 0. O

Given Lemma 4.4, we deduce the following theorem:
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Theorem 4.5. If P is a stochastic matriz for an irreducible and aperiodic Markov
Chain, then

(1) there exists a unique invariant probability vector such that TP = T;
(2) T can be computed by lUim p,(i,7) = m;, and if T is any initial probability
n—oo
vector, lim ©UP" =7
n—oo

We complete details of the proof as presented in [4]

Proof. We have proved (1) in the proof of the the Perron-Frobenius Theorem. For
(2), it suffices to consider P with positive entries. If P contains zero entries, Lemma
4.4 tells us that we can raise P to a power n such that P™ has all positive entries.
Consider the (i,) entry of P! = PP, that is, pui1)(4,5) = D5, (i, k)pey (k. §).
Let mg-t) = min;p) (i, j), and M;t) = max;p® (i, j), so that 0 < mg-t) < M;t) <1
Then

m{*Y = ming " p(i, k)p® (k, ) > min; > pli, k)p® (i, 5)
k k

_ minip(t)(i,j) Zp(ia k) _ mgt) .1 = mgt)

Thus, the sequence {m 2 m§2

{ ]1) M(2 ...} is non-increasing. Since {mgl),ml§2), ...} is bounded by M;l), and
{M](l) M(2 ...} is bounded by mgl), there exist m; and M; such that tlim mgt) =
e el

...} is non-decreasing. Similarly, the sequence

m; and thm M;t) = M;, and m; < M;.

— 00
We now prove that m; = M;. We compute :

MY — Y = maa > p(i, k)p' (K, §) — ming Y p(L k)P (k, 5)
k k

= maz;, me(k,j)(P(i’ k) —p(l, k))
k

= mazi [y " (k)G k) — p( k)T + > p(k, 5)(p(is k) — p(l, k)]
k k

IA

maz; 1 [MY S (p(i, k) — p(1, k)T +m{ S (0, k) = p(L k) 7T, (%)
k k

where >, (p(i, k) — p(l, k)T denotes the sum of positive terms p(i, k) —p(l, k) >
and Y, (p(i,k) — p(l,k))~ denotes the sum of negative terms p(i, k) — p(l, k) <
If we define

Z(p(l,k) 7p(la k)) - Z(p(l,k) 7p(lv k))i

k k

and similarly

.
D (p(i k) = p(, k) = > (p(i k) = p(l, k)",
k k

then
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> oG k) —p(,k)”™ = D (i, k) = p(l k)
k k
= SRR = ek
' + ' +
= (1 - Zp(i,k) - (1 - Zp(l,k))
k k
.
= Y (k) = pli,k))
k
= = Z((p(zv k) —p(l, k))+
k

Thus, (%) becomes

1 1 ¢ .
0< M](t+ ) m§t+ ) < (Mj(t) . mgf))maxj,l Z(p(z’k) —p(l,k))+.
k

If max;; Yy, (p(i,k) —p(l, k)) = 0, we have M;Hl) = m§t+1).

Otherwise, let r be the number of terms in & such that p(i, k) — P(l, k) > 0, and
s be the number of terms in k such that p(i,k) — P(I,k) < 0. Then r > 1. Let
n:=r+s > 1. Denote 6 := min; jp(ij) > 0. Thus we can write:

> (i k) — p(l, k) F S k) = S p(lk))

1= Y pk, ) = S F p(l,k))
1—5s6—170

1—nd

Al

Thus, (*) becomes:
0< MY i <1 -y —m) < (1 -0t —m{Y) — .

j
as t — 0o. Denote m; = M; = m; > 0. Given mg»t) < pwy(i,j) < Mj(t), we have

lim p(t)(z’j) = lim mY = lim M® =,
n—o00 n—oo n—oo  J J
and thus
T
lim P! = :
t—o0 .
T

Moreover, for any probability vector ' with ). v; = 1, we have

T T2 . e Tn
tlimﬁpt — (U1 Wn) T T2 o Ty
o0
T T . e ﬂ'n
= ( LY, Vs anz'”i)
= (m e om ) =7
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