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Quantitative topology.

1. Introduction and overview of the kinds of questions to be discussed in the course.  (1 lecture = week 1)

· Some Sample Problems

· Whitney embedding = qualitative.  What distortion is there in the embedding?  (similar questions for the immersion; consider the toy case of graphs –e.g. Bourgain etc.)

· Transversality ( inverse images are compact manifolds and have finite Betti numbers.  How big are they?  What does this depend on?

· Cobordism, isotopy, sizes, etc. (Nabutovsky theorem for Smale isotopies)

· Theorem of Serre:  On a compact manifold there always exists infinitely many geodesics connecting two points.  How do their lengths grow? (Ans: (N-R) 4nk2d.)
· Sample of easier transversality: algebraic geometric.  How many diffeo/homotopy/isotopy classes exist for a given degree?

· Some systolic questions. E.g. Gromov’s theorem for K(π,1) and Babenko’s converse.

· Another special case: geometricization and heegard genus, etc.

· Bounded topology and bounded geometry and so on….(ABW on preventing diffeo’s of a universal cover)

· Ferry’s theorem.

2.  Real Algebraic and semialgebraic sets. (2 weeks)

a. How many roots are there of a real polynomial

b. Tarski-Seidenberg theorem and quantifier elimination.

c. Triangulation of semialgebraic sets

d. Bounds on betti numbers of real algebraic sets following Thom and Milnor (applications?)

e. Nash-Tognoli theorem.  (Mention work of Akbulut et al)

3. Quantitative transversality and inverse function theorem. (3 lectures)

a. Entropy conjecture.  

b. Application to Donaldson’s theorem on Lefshetz pencils?

References: Yomdin and Donaldson.  

4. Persistent Homology and sampling high dimensional spaces. (3 lectures)

a. The problems of TDA.

b. Work of NSW

c. Chazal et al.

d. Other places where Persistent homology is useful (following Benter lecture).

5. The bounded category and its application to various topological problems. (A month easily)

i. Novikov conjecture stuff.

ii. Homeomorphisms among stratified spaces – especially group actions and varieties.

iii. Homology manifolds.

iv. Recent work on the Borel conjecture.

6. Large scale homology theories.  Application to hypersphericality.  (1 week probably, maybe 3 lectures)

7. Simplicial norm and bounded cohomology

8. L2 cohomology.

9. The role of logic: Nabutovsky theory

a. Various standard applications

b. How difficult are counting problems: can their asymptotics be understood?  (unsolved at this time).

10. Systoles and their geometry 

· some version of Gromov’s “Filling Riemannian manifolds”

· some of Guth’s papers.  

· Babenko-Katz work on systolic freedom for non-stable systole

· Gromov-Wirtinger theorem for CP^n the case of HP^n

11. Gromov’s cobordism question.  Lipschitz constants for special function spaces – finite homotopy groups.  Just rational question?  Do some homotopy theory….
12. Stochastic Topology – e.g. Farber’s thing. Adler-Taylor
13. Sobolev spaces = Postnikov pieces. (Evidence from Hang-Lin.  Theorems of Brian White on energy etc.)

14. Gromov’s estimates for Betti numbers, critical points of distance functions, etc.  Finiteness theorems for homotopy types and homeomorphism types

15. How many hyperbolic manifolds are there with given volume (Burger, Gelander, Lubotzky, and Mozes)?

· Gromov papers.

· Volume and bounded cohomology

· Large Riemannian manifolds

· Filling Riemannian manifolds & other systolic papers

· Width and related invariants

· Novikov conjecture stuff

· Guth papers.

· Exposition of Filling paper + new proof for the torus

· Isoperimetric inequalitites and rational homotopy invariants

· Minimax problems related to Steenrod squares

· Volumes of balls in large Riemannian geometry

· Nabutovsky-Rotman papers.

· Quantitative Hurewicz and the length of the shortest closed geodesic (JEMS)

· Length of Geodesics and Quantitative Morse Theory on Loop Spaces.
· Nabutovsky logic papers.

· Yomdin.

· Cohomology with estimates.

· L^2 cohomology and applications (cost etc?)

· Exotic cohomology and bounded propagation speed, etc.

· Uniformly finite homology

· Babenko:

· Converse to Gromov’s theorem (inessential -> 1-systole is unbounded)  values of systoles being homotopy invariant, etc.

· Misha Katz:

Systolic freedom (various forms) 

· Milnor’s paper on betti numbers of semialgebraic sets.

· Finiteness of diffeomorphism types of hypersurfaces.  (Exact number? Order of magnitude?)

· Finiteness theorems of Cheeger, Gromov’s betti number estimate, Grove-Peterson.

· Gromov-Hausdorff space, closeness, LC(rho).  Finiteness theorems of various people.  Ferry’s finiteness theorem and its subtlety. 

· How many hyperbolic manifolds are there with a given volume? 

· Quantitative transverality?

· Logic and its implications (e.g. Nabutovsky, etc.)

· Bounded and controlled topology (application to Novikov conjecture, to stratified spaces, to Ferry finiteness)

· Algebraic topology with estimates:

· L^2 cohomology

· Bounded cohomology and simplicial norm (another application of logic)

· Almost flat bundles (some non-psc manifolds)

· Uniformly finite homology

· Exotic homology and persistent homology

· KX (and Gromov’s large Riemannian manifolds)

· Lipschitz constants (Gromov bounds, DFW + FW on Gromov’s conjectures)

· Geodesics following Gromov (unsolvable word problem + W using Dehn function + N using Kolmogorov complexity) and Nabutovsky-Rotman (2ndk2 for first k estimate in Serre’s theorem!)

· Systoles

· Gromov’s filling result and Babenko’s converse

· Systolic Freedom following Babenko-Katz

· Stable systolic inequalities and Gromov’s Wirtinger theorem

· Quaternionic projective space

· Embedding metric spaces

· Guth stuff

